Strategyproof Sharing of Submodular Costs:

budget balance versus efficiency^�

HervḾoulin y ScottShenker z

Original: May 1996, Revised: October 1999

A service is produced for a set of agents. The service is binaryeachagenteitherreceivservice or not, and the total cost of service is a submodular function of the set receiving

service. We investigate strategyproof mechanisms that elicit individual willingness pay, decide who is served, and then share the cost among them. such a mechanism is budget (covers cost exactly), it cannot be t (serve the surplus maximizing set of users) and vice-versa.

e characterize the rich family of budget balanced and group strategyproof mechanisms; they correspond to the family of cost sharing formulae where an agent’s cost share does not decrease when the set of users The mechanism associated with the Shapley alue cost sharing formula is characterized by the property that its worst welfare loss is minimal.

When we require efficiency rather than budget balance – the more common route in the literature – we find that there is a single Clarke-Groves mechanism that satisfies reasonable conditions. This mechanism, which we call the marginal cost pricing mechanism,

is vulnerable to manipulation by coalitions, and also may not fully cover costs (but er runs a budget We compare the size of the marginal cost pricing mechanism’s worst budget surplus with the worst welfare loss of the Shapley alue mechanism.

: D62, D70, ∗S⊔⟩⇕⌋≀\⊑⌉∇∫⊣⊔⟩≀\∫ ⊒⟩⊔⟨ R⊣| D⌉⌊⇔ ⊣∇ D⊓⊔⊔⊣⇔ J≀⊣\ F⌉⟩}⌉\⌊⊣⊓⇕⇔ ≀↕{}⊣\} P⌉∫⌉\⌈≀∇{⌉∇⇔ ⊣\⌈ T⟨≀⇕∫≀\ ⊣∇⌉ }∇⊣⊔⌉{⊓↕↕† ⊣⌋‖\≀⊒↕⌉⌈}⌉⌈

†D⌉√⊣∇⊔⇕⌉\⊔ ≀{ MS ∈∈⇔ R⟩⌋⌉ U\⟩⊑⌉∇∫⟩⊔†∞̸′′ M⊣⟩\ S⊔∇⌉⌉⊔⇔ H≀⊓∫⊔≀\⇔ TX ′′▽↖∞∀∃∈⇔ ⇐⇕≀⊓↕⟩\ℵ∇⟩⌋⌉↙⌉⌈⊓⇒ ‡C≀∇∇⌉∫√≀\⌈⟩\} A⊓⊔⟨≀∇¬ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉ I\∫⊔⟩⊔⊓⊔⌉⇔ S⊓⟩⊔⌉ ′̸′⇔ ∞∃△ C⌉\⊔⌉∇ S⊔∇⌉⌉⊔⇔ B⌉∇‖⌉↕⌉†⇔ CA ∃△′△↖∞∞∃∀⇔ ⇐∫⟨⌉\‖⌉∇ℵ⟩⌋∫⟩↙⌊⌉∇‖⌉↕⌉†↙⌉⌈⊓⇒

1 The problem and the results

In this paper we consider a produced for a given set of agents, and discuss the sharing of these joint costs when the cost structure is submoThis problem is a simple and fundamental example of production The standard model has a set of agents who can receive service or not (there are no finer gradations of service, it is completely binary), so agent i’s

preferences are entirely represented by u_i, her willingness to pay for the The total cost C of providing service depends on the set of agents servIf the subset (coalition) S of N receives the service, the cost C(S) must be shared between the agents in Swedenotethecostshare toagentibyx_i. As the cost function is not necessarily symmetrical in the different agents, we can think of “service to agent i” as an idiosyncratic good different from “service to agenj”.

This simple problem arises in many familiar contexts. examples include the alloof overhead costs and transfer pricing (Sh[1962], Thomas [1980]), sharing the cost of public

investments (Straffin and Heaney [1981], Loehman and Whinston [1979]), as well sharing the cost of access to a network where the network may be distributing ater (Okada et al. or telecommunication services (Sharkey [1995]), or multicast messages (Herzog et [1997]).

Submodularity of the cost function C is a natural – though by means the only plausible – assumption in this problem: submodularity means that the marginal cost C(S i) � C(Sof adding agent i to a certain set S of other agents does not increase when the set S expands.^1 Given submodular cost function (also called concave cost function, as in Shapley [1971]) efficiency requires that a single copy of the technology be shared (even if the technology be duplicated at no fixed cost), a situation that is often called a natural monop. Examples of this are discussed in Sharkey [1982], and, in the context of access to a network, by Sharkey [1995].^2

We study incentive compatible mechanisms to share a submodular We consider mechanisms elicit from each agent her willingness to pau_i, then decide who gets service and how the

1For instance, if C is a symmetrical function of all the agents (so that “service to an agent” can be viewed as a

homogeneous good), submodularity of C means that C is a concave function of jSj.

2Sharkey [1995] shows that a tree netwwithout congestion yields a submodular cost function. Fix a tree

from a source to all otential agents (each agent sitting on a node of the tree) with a cost assigned to each link (or

edge) of the The cost of serving any coalition S is simply the sum of the costs of the links (irrespective of the

number of agents “downstream” of each link) needed to reach all members of S. An important recent example of

such a problem is the allocation of costs in multicast transmissions on the Internet et al. [1997]).

cost is shared. e focus exclusively on strategyproof mechanisms, where truthful report of one’s willingness to pay is always a dominant strategy. We also discuss a stronger form of incentive compatibilit, namely group strategyproofness, where no coalition of agents has an incentive to jointly misreport their true willingness to y; we require this stronger incentive compatibility property when possible but consider merely strategyproof mechanisms in texts (to be discussed) group strategyproofness is impossible to achieve.

The above model of cost sharing is formally identical to a cooperative game with transferable utilitand has been extensively studied from the points of view of fairness – which allocation of the costs is fair? and of core stability – which cost allocations are not threatened by the secession of a coalition standing alone to provide its own service? The core stability issue is central to the analysis of contestability, namely the equilibrium under free entry of profit maximizing firms (Baumol, Panzar, and Willig but it is not relevant to our problem cooperative production the group of potential agents (or the authority representing them) jointly own the

technology and seek to design a mechanism with good efficiency and incentive properties. On the hand, the issue of fairness in sharing costs is a plausible concern in our design problem, in particular if all agents have equal rights to use the technologyWe do not directly fairness in this paper; however some of our results have interesting consequences in this direction,

in the sense that a combination of incentive and efficiency requiremencompel us to use a fair mecwhether we like it or not: the discussion of Propositions 2 and 3 below.^3

The literature on strategyproof allocation mechanisms when preferences are quasi-linear emphasizes the tradeoff between efficiency and budget a strategyproof mechanism can be efficient

(in our model: servthe joint surplus maximizing set of users) or it can balance the budget our model: the total payment collected from users covers the total cost exactly) but it can not be

both efficient and budget balanced (Green, Kohlberg, and Laffont [1976], Roberts [1979]). tradeoff, being particularly clear in our context, is the central concern of our paper.

When the users of the submodular cost technology are in autarchy, the budget is a feasibilitconstraint; in this case, the mechanism design problem is to characterize the class of reasonable budget balanced and strategyproof mechanisms,^4 and in addition to identify those mecthat, in some sense, depart from efficiency as little as possible.3

In a similar vein, the same efficiency and incentive requirements force us to use a mechanism whose allocations

are in the core, whether we like it or not.

4Recent work in this vein includes Moulin and Shenker [1992], Shenker [1992, 1995], Moulin [1994, 1999], Deb

and Razzolini [1996, 1999], Ohseto [1995], Serizawa [1996, 1999], Mutuswami [1997].

An alternative, and more often traveled, route is to use a strategyproof mechanism that selects the efficient allocation (and therefore fails to balance the budget): these have been entirely characterized and are called the Clarke-Groves mechanisms (see, for example, Green and Laffont [1979], Clarke [1971], Groves [1973]). Such mechanisms can not be used by a group of agents in autarchy; indeed, they require the presence of an outside banker who can, as the case may be, siphon off the budget surplus or cover the budget deficit.^5

e now briefly review the contents of paper. In Section 2, our first result (Proposition 1, borrowed from Moulin [1999]) offers a characterization of a whole class of budget balanced and strategyproof mechanisms (under some additional requirements that rule out, for instance, coercive taxes – charging an agent who does not get service – and preventing an agent from being serveven if she is willing to pay an arbitrarily large amount). To each mechanism in the class, we can associate a particular cost sharing formula that computes a set of cost shares for every possible set S of users (independently of their willingness to pay); the cost share of a givuser in S must not increase as the set of users expands from S to S^′ ´ S. The revelation mechanism (where each agent reports a willingness to pay and an allocation is implemented by the mechanism) is then alent to the “demand game” where each agent simply decides to request the service or not and then, given these demands for service, the cost shares are computed by means of the formula in A key observation is that the class of mechanisms uncovered in Proposition 1 gives the designer

tremendous flexibilit, including treating equals equally by using an equitable formula (e.g., the Shapley value) or treating equals unequally by means of an asymmetric formula (e.g., ranking the agenin an arbitrary yet fixed fashion and cstand alone cost C(itothefirstranked agenirequestingservice,incrementalcostC(ij) � (i) to the second ranked agent j requesting service, and so on).^6

Within the above class we single out the one associated with the Shapley value formula, not because of any fairness properties, but because generates the smallest potential welfare loss (the smallest deviation from Proposition 2 in Section 3. Ththe paramount equitable solution of the cost sharing problem – the Shapley alue – ends up being justified solely on incentive grounds,5

The standard story is that the “public authority” will play the role of banker, as in Green and Laffont [1979];

a genuinely “micro” example is the Direct Double Auction mechanism of McAfee [1992], where a “trader” absorbs

a small budget surplus.

6For functions like C (and later, ¸) whose only ariable is a coalition, we use the convenient but abusive notation

C(i) denotes (fig) and (ij ) denotes C(fi; jg).

without invoking any consideration of equity (not even equal treatments of equals).

Lastly, we explore the alternative route of choosing efficiency over budget balance in Section Within the familiar class of Clarke-Groves mechanisms applied to our problem, Proposition 3 shows that there is exactly one mechanism that does not charge an agent not served and in which all agents participate voluntarily (in the sense that they never end up worse off than by not getting service and paying nothing). mechanism essentially charges only marginal cost

C(S^∗) � C(S^∗ � ito an agent i in the efficient set S^∗ of users, and cnothing to agents outside the efficient set. We call it the Marginal Cost Pricing mechanism. By submodularity of costs, the payments collected from the users fall short of the actual cost of service.

We conclude (in Section 4) that in problem of sharing submodular costs, the budget balanced (but inefficient) group strategyproof mechanisms may be preferable on two counts to strategypromechanisms serving the efficient set of agents (but running a budget i) the former form

a rich class (of linear dimension n!) offering much more flexibility to the mechanism designer, whereas the latter contains the single Marginal Cost Pricing mec7 and ii) the budget balanced mechanisms are group strategyproof, namely immune to joint misreports by a coalitions of agents of any size, whereas the Marginal Cost Pricing mechanism (like every Clarke-Groves mecin any context) is extremely vulnerable to such coalitional deviations.

tradeoff between the budget imbalance of efficient mechanisms and the efficiency loss of budget balanced ones will be influenced by a host of factors that are beyond the scope of our model,^8 yet the relative magnitude of these two quantities is relevantothecommunity’sdecision. Thin Section 4 we compare the welfare loss of the Shapley vmechanismwiththemaximal budgetdeficitoftheMarginalCostPricingmechanismandfindtheformertobetypicallysmaller than the latter, although we cannot make rigorous general statements about their relative sizes. Section 5 collects a handful of concluding comments, and the Appendix contains the proof of Propositions 1, 2, and 3.

Remark 1: Wnotethatourentireanalysiscanbereplicatedinthe“dual”modelofsurplus

7Finstance,thedesignerhasnochoicebuttoagentsequally, in the sense that if to agents impose

equivalencosts(C(S + i � j) = C(+ j � i) for all S ` N) then reporting equal willingness to pay (u i = u j ) must

result in equal allo8

In the regulation literature, this tradeoff is often captured by one parameter the “shadow price of public

funds” (see e.g., Laffont and Tirole This shadow price is a way of comparing these two kinds of losses a conversion factor.

sharing, where each agent can contribute an idiosyncratic and binary input (e.g., effort) and the total surplus (output produced) F () must be shared between the agents, where S is the subset of these agents contributing their If we assume preferences to be quasi-linear in the output, then an individual preference is completely represented by u_i, the (quantity of output equivalent to her) disutility of contributing the output. Assuming ermodularity of the production function F , all of our present results apply to the surplus sharing case as wFor instance, the analog of the Marginal Cost Pricing mechanism is the Marginal Surplus Sharing mechanism, where an agent in the efficient coalition receiv(approximately) her marginal contribution F (S )�F (^∗ �i) so that actual output is not enough to cover these surplus allocations. In the literature on the exploitation of common property resources (e.g., Weitzman [1974], Sen [1966], Israelsen [1980], Ostrom [1991]) surplus sharing model is more popular than the cost sharing one though the submodularity of the production function is much more common than its supermodularityBudget balance is alwaassumed in this literature.

Budget balanced and group strategyproof mechanisms

We first present some basic definitions. We are given a set of agents N (n = jNj) and a cost function C which is nondecreasing, nonnegative and submodular. More , for any S; T N we assume:

C(;) = 0 ; ` T ) C(S) ˇ C(); C(S T ) + C(S [ T ) ˇ C(S) + C(T )

We denote by ui, u˘ 0, the amount agent i is willing to pay for service. revelation mechanism elicits from each agent her willingness to pay and, based on these reports, chooses who gets service and how the costs are shared.^9 That is, the mechanism takes as input the vector u of the reported willingness to pay, and then produces as output the set of allocations. e use the vectors x and q to denote the resulting allocation decisions; x_i is the cost share imputed to agent i, and q_i describes whether or not agent i is given service (q_i = 0 if t i is not given service, and q_i = 1 if agent i is given service). we want to make the utility profile dependence of these allocations explicit, we will write q(u) and x(u) to denote the allocations resulting at a particular Thus, a rmechanism is a mapping associating to all profiles u 2 ¡^na coalition S(u`N (equivalenexpressedbythebinaryinclusionvectorq(u)withq i(u)=1foralli2S(u) and

9Folloestablished,butsomewhatconfusing,notationalpractice,thevectoruwilldenotethereportedalues

as well as the truthful alues. When the two differ, we will make special note of it.

q_i(u) = 0 for all i 62 S(u)) and a vector x(u) of monetary compWe assume quasi-linear utilities, so an agent’s utility is simply given by u_iq_i � x_iIn Section 5 (comment 1) we explain why in our model this assumption entails no serious loss of generality.

Denote by w(S; u) (or simply w(Siftheunderlyingutilityprofileisunambiguous)thestandalone ofcoalitionS given the technology C:

w(S; u) = max_{T ⊆S} [u_T C(T )] (1)

where we use the notation that u_T = P_{i∈T} i .

To make our incentive properties precise, fix any coalition T ` N any two profiles u; u^′ such u_j = ′_j for all 62 T . Denote by (q; x) and (′ ∅ §^′) the allocations implemented at u and u^′ respectively. Group strategyproofness requires that if the inequality i q ′⟩ � x′i ˘ u iqi x i holds for all i 2 T then it must be an equality for all i 2 T as well; that is, if no member in T is made worse off by changing from u to u^′, then no member of is made better off. Strategyprois merely imposing this requirement for all singleton T ’s (i.e., jTj = 1), so unilateral deviations from the truth never produce better outcomes for the deviating agent.

We are focusing on contexts where agents have the option not to participate and expect to have some control over their destiny. We postulate a mechanism must satisfy the following three

properties:

No Positive ransfers (NPT) The cost shares are nonnegative: x ˘ 0 for all iVoluntary Participation The welfare level corresponding to no service (q

i = 0) at no cost (x= 0) is guaranteed to each agent if they report truthfully.

Sovereignty(CS) Every agent has a message u_i guaranteeing that, regardless of

the other reported alues u_−, she gets service (q i = 1).

No Positive ransfers is a standard assumption in cost sharing situations, where positive net transfers to agents are disallowIt is not a natural requirement for Clarke-Groves mechanisms, which do not balance the budget. HowevNPT is not an essential assumption for the characterization of the MC mechanism in Section 4 (see the Remark following Proposition 3).

Voluntary Participation is the standard individual rationality constrainagent i does not prefer the “status quo” (q_i = x_i = 0) allocation to the allocation (q_i, x_iassigned by the mechanism. In view of No Positive Tthisimpliesthatshepaysnothingifshegetsnoservice(q_i /0)x_i =0).

Consumer Sovereignty means that by reporting a high enough willingness to pa, any agent is guaranteed to get the service. For instance, in the mechanisms discussed below, reporting any u_i ˘ (i) (their stand alone cost) that q_i = 1 no matter what the other reported u j are. Note that we do not require that reporting u_i = 0 ensures that q_i = 0; as long as x i = 0 when u_i = 0, we can have q_i = 1. C(S) is strictly increasing in S, however, the later configuration (u_i 0 but q_i = 1) will happen in any of the mechanisms discussed below.^{10}

The strategyproof and budget balanced mechanisms we consider are derived from an underlying ost sharing method. A cost sharing method is a formula ¸ assoto each cost function C and to each coalition S of agents an allocation of the total cost C(Samongtheseagentsinthe formofnonnegativecostshares¸ i(S).11 These cost shares must satisfy the budget balancedness constraint ¸_S(S=C(S).

e now explain why these cost sharing methods underlie the relevant strategyproof and budget balanced mechanisms. Giva cost sharing method and a profile u of willingness to pay, consider the (normal form) demand game where each agent decides whether or not to request service (agent i’s strategy choice is qi = 0 or q_i = 1) and costs are shared among those who request service according to the cost sharing method ¸. If it so happens for all profiles u the demand game has a unique ff-equilibrium (where ff-equilibrium can be either a Nash equilibrium or a strong then this ff-equilibrium outcome defines a strategyproof revelation mecThat is, this mechanism elicits u_i, i 2 N, and chooses the allocations of the unique ff-equilibrium of the reported demand game. fact that such a mechanism is strategyproof is a classic result of the implementation literature: see Dasgupta, Hammond, and Maskin [1979] and Comment 1 in Section The key to the above property (a unique ff-equilibrium for all profiles) is that the cost sharing method must be cross-monotonic, so agent i’s cost share cannot increase when the set of agents receiving service expands:^{12}

10If u i = 0 but C(S i) ¿ C(S i) for all S ` , then i is not part of the efficient coalition. In the mechanisms

discussed below, the coalition served is always a subset of the efficient coalition, so ui = 0 ) qi = 0 whenever agent i imposes strictly positive incremental costs.

11In the language of cooperative game , a cost sharing method is a alue” defined for all reduced games

(S; C)._{12}

In some of the literature, the cross monotonicity property is known as population monotonicity, such as in

S ` Ti 2 S ) i (T ) ˇ i̧(S(2)

(recall that i (S) is agent i’s cost share when S the set of agents who get Under cross monotonicitythedemandgamehasnondecreasingbestreplyfunctions: if q = 1 is a best reply when a coalition S gets service, then i = 1 remains a best reply when y superset of S service. Therefore, the demand game possesses Pareto superior Nash equilibrium which is, in addition, a strong equilibrium (Aumann [1959]). This equilibrium can be computed bthe simultaneous Cournot tatonnement starting at N, that is to say the equilibrium outcome ~(¸ ; u) the limit of the following inclusion monotonic sequence:

S=N ; S^{t⇁1} = fiju_i ˘ ¸ i(S)g (3)

In the first step of the algorithm all agents are offered service at the personalized price ¸_i(N), and only those in S^1 accept; in the second step, the agents in S^1 are offered service at the (higher) price i (S) and those in S^2, S^2 ` S^1 accept; so on. This algorithm defines an inclusion monotonic sequence in , and its outcome^{13} S̃(¸u) is the unique strong equilibrium (there may be other strong equilibrium q’s but they are all welfare alent, i.e., produce the same welfare for every agent) of the demand game (N; ¸; u). e associate to the cost sharing method ¸ the following revelation mechanism denoted by M():

S(u) =S̃(¸; u); x_i(u) = ¸_i(S̃(¸u)) if i 2 S̃(¸; u); x_i(u) = 0 otherwise (4)

If ¸ is cross-monotonic then M(¸) is strategyproIn fact, M(¸isgroupstrategyproofaswell. Moreover,theconversestatementholds.

Proposition1 Fanycross monotonic cost sharing d ¸, the meM(¸) d by (4)) is budget alanc e d, meets NPT, VP, CS, and is group strategyproof. for any revelation meM satisfying budget balancNPT,VP,CS,andgroup strategyproofness there exists a oss monotonic cost sharing d ¸ such that M(¸) is welfare quivalent to M.

PropositionisidenticaltoTheorem2inMoulin[1999]. In the special case of an excludable public good (C(S) = 1 for all nonempty ), Deb and Razzolini [1996, 1999] and Ohseto [1995] provide similar ydifferent characterization results. Sprumont [1990], Thomson [1983].

13We will use the notation S̃(u) if, from the context, the underlying cost sharing method is unam9

We do not provide a proof of the “converse” statement in Proposition 1; however, the “direct” statement is easy to prove and we repeat its proof in Appendix A.

Remark 2: We note that all three assumptions NPT, VP and CS are needed in the characterization result. is shown by the following three Denote by e the “egalitarian” allocation q_i = 1 and x_i = C(N)=n for all iConsider two voting mechanisms between e and the “null” allo(q_i = x_i = 0 for all i). If unanimity is required to implement e (i.e., every agent can force the null outcome), we have a mechanism satisfying all properties listed in Proposition 1 but Consumer Sovereignt. If unanimity is required to implement the null outcome (every agent can force e), the mechanism meets all erties but Voluntary POur third mechanism involves two agents (for simplicity) and meets all properties but No Positive Transfers:

S(u) = f12g; x(u= (C(12); 0) if u_1 C(12) and u_2 ˘ C(12) � C(1)

S(u=f1g; x(u) = (C(12); (1) � C(12)) u_1 ˘ (12) and u_{¡ C}(12) � C(1)

S(u) = f2g; x(u) = (0; C(2)) if 1 ¡ C(12) and u_2 ˘ C(2)

S(u) = ;x(u) = (0; if u_1 ¡ (12) and u_{¡ C}(2)

The family of revelation mechanisms uncovered by Proposition 1 leaves a fair degree of flexibility to the mechanism designer. Suppfirst the agents have equal right to use of the technology C, so that the property “equal treatment of equals” is deemed desirable: requires that if the function is symmetrical in i and (i.e., C(+ i) = C(+ j) for all S N � fi; jgthecost sharesofagentsiandj should be symmetrical as well.

Then the designer can choose from a variety of formulae, including the Shapley value (Shapley [1953])^{14}, the egalitarian solution (Dutta and Ray [1989]), convex combinations of these, and more.^{16} Finstance,inthecaseoftwoagentsN = f1; 2g, these two values are

14or a proof that this viscrossmonotonicwhenC submodular, see, for example, Sprumont [1990]. 15The egalitarian solution of the cooperative game (N; c) picks the most egalitarian profile of shares x ∗ ⊒⟩⊔⟨⟩\

⊔⟨⌉ ∫⊔⊣\⌈ ⊣↕≀\⌉ ⌋≀∇⌉ ≀{ ⊔⟨⟩∫ }⊣⇕⌉ ⇐§ ∗S ˇ C(S) for all S). Dutta [1990] shows that this satisfies cross monotonicity16 See Sprumont [1990] for a systematic discussion of the cross monotonicity property. Note that the nucleolus

(Schmeidler [1969]), another familiar alue for cooperative games, is not cross monotonic (see Sonmez [1993]).

Shapley 1 (12) =^1_2 (C+C(1) � C¸_2(12) =^1_2 (C(12) + C(2) � C(1))

Egalitarian _1(12) = medf^{C(12)2}; C(1); (12) � C(2)g; ¸_2(12) = medf^{C(12)}_2 ; C(2); C(12) � C(1)g (where medf�g is the median operator)

Another possibility is that the agents have unequal claims on the technology C (perhaps because of seniority, earlier contributions to its development, and so on) and that the designer wishes to choose a cost sharing formula that fairly reflects this For simplicity, suppose that the agents are ordered as f1; 2; : : : ; ng and that their claims are agent 1’s claim outweighs any

other claim; agent 2’s claim outweighs those of any agent 3; 4; : : : ; n, and so A consequence

of Proposition 1 is that this hierarchy of claims determines entirely the choice of our designer (within the class defined by NPT, , CS, and group strategyproIndeed, in any cross cost sharing method, agent 1 must pay out at least C(S) � C(S � 1) where S is the coalition of agents who get the service; this follows from ¸_{S−1} () ˇ ¸_{S−∞} (S � 1) = C(S � 1) and ¸_1() = C(S) � ¸_{S−1} (S). Thus, agent 1’s superior claim entitles him to this minimal cost share C(S) � (S � 1). , agent 2’s cost share must be at least C(S � 1) � C(S � f12g) (by repthe above argument), and so The resulting cost sharing method is the familiar hierarchicstandalonemethod(alsocalledthemarginalcontributionmethod)wheretheagenti withthelargestindexinS (i.e., the agent with the least claim to the resources) pays her stand alone cost C(itheagentwiththenextlargestindexj pays C(ij)�C(j), and so This method is cross monotonic giva submodular cost function. that the Shapley value is merely the arithmetic average of such methods over all possible orderings of N.

3 The Shapley alue Mechanism

We now turn to the outstanding position of the Shapley alue within the class of cross monotonic cost sharing methods. Givsuch a method ¸, we denote by fl(¸; uthe welfare loss at a particular profile u and let fl(¸) be the maximal welfare loss, over all profiles, of the mechanism M(¸) defined by (4);

fl(¸) = sup_{u∈ℜ n} + fl(¸; u) = sup u∈ℜ n+ [w(N; u) � (u~_{S↼ξ,u)} � ( S̃ (¸ u)))]

where, recall, w(S; u) = maxT_{⊆S}[u_T � C(T )].

We now seek to minimize this maximal loss through the choice of ¸. This leads us to the Shapley value cost sharing method, which we write as

¸^∗_i () = X T ⊆S−i jTj!(jSj � jj � 1)!jSj!_{[C(T} [ i_) � C(T_{)] for all S i} 2 S

We refer to the corresponding revelation mechanism (¸^∗as SH.

Proposition 2 Aall mechanisms M(¸) derived frcross monotonic cost sharing ds, SH has the uniquely lest maximal efficiency loss fl(¸^∗) ¡ fl(¸for all ¸ 6= ¸^∗ which is given by the formula below.

fl(¸^∗= 0 @ X_{S⊆N}^(jSj �^{1)!(n} � jSj^{)!n!}_{C(S)} 1 A �_{(N ) (5)}

proof of Proposition 2 is presented in Appendix B. The function P in formula (5) is the otential function introduced by Hart and Mas-Colell [1989]. Our proof relies on the representation of the Shapley alue by the potential function, due to these authors.^{17} 3: In contrast to Proposition 2 that singles out the Shapley value among all cross

monotonic cost sharing methods, Mutusw[1997] demonstrates that the cost sharing method of Dutta and Ray [1989] is characterized by the property that the expected size of coalition receiving service is This result assumes IID willingness to pay with monotone

hazard 4 Marginal Cost Pricing Mechanism

We now discuss the class of strategyproof and efficient mechanisms under quasilinear utilities, namely the Clarke-Groves (CG) mechanisms. By the standard characterization result of CG mec(e.g., Green and Laffont [1979]) the property of strategyproofness combined with the

efficiency of S(u) implies the following form for x(u):

i (u) = u_iq(u) � (w(N; u) � h_i(u_{−⟩} )) (6)

17Monderer and Shapley establish a seemingly unrelated property of the demand game associated with

an arbitrary cost function C (not necessarily submodular, not even nondecreasing) and an arbitrary cost sharing

method. They show that the demand game is a “potential game” if and only if the method is the Shapley alue.

where h_i is a function that depends on all the willingness to pay values u_j excepting ui.

In order to define the Marginal Cost Pricing mechanism (MC), we state without proof two easy and important consequences of the submodularity of C for the surplus function w(S; u) and maximizing coalitions.

F1: For any u, w(�; u) is supermodular: w(S; u) + w(T; u) ˇ w(S [ T; u) + w(S “ ; u) for any

T ` N.

act 2: If any two coalitions S and T are efficient (i.e., u_S C(S) = T � C() = w(N; u)) then so is S [ ; we denote by S �(u) the largest efficient coalition at u, and denote by q^∗(u) the corresponding allocation vector.

The MC mechanism picks the coalition S(u) = ∗ (u) and charges the cost shares x^∗⇐⊓) given by the formula:

x^∗_i = u_iq^∗_i (u) � (w(Nu)�w(N i; u)) (7)

e call it the marginal cost pricing mechanism because, in the case of a symmetric cost function, C(S) = c(jSj), this mechanism charges approximately the marginal cost c(jSj) �c(jS^∗j� 1) to all agents and this approximation becomes an equality when each agent becomes a anishingly small part of (we omit the proof for brevity).^{18}

Our choice of MC mechanism out of the whole CG class is by no means arbitrary. In fact, we require NPT and VP 19 it is essentially the only aailable CG mechanism.

Proposition Consider a strategyprorevelation mechanism selecting an efficient alcation (not necthelargest) at all ofiles, meeting NPT and VP. Then M is welfare eto MC:forall u, l i u_{q i}(u� x_i(u) = u_q^∗(u) �_{∗ i} (u)

Conversely, the MC chanism meets NPT and VP (as l as CS) and is strategyproof.

18MCmechanismisquitesimilarinformtothetraditionalpivotalmechanism,whichassignsthenetutility

ui � xi w(N) � w^∗⇐N i), where w^∗⇐N � i) = maxT ⊆N−i[uT �^{|T ||T |+1}C(T + i)] (see, for example, and

Laffont [1979]). substance, however, they are quite different; the pivotal mechanism never runs a budget deficit (i.e, it either is budget balanced or runs a surplus) and fails VPwhereastheMCmechanismneverrunsabudget surplus(i.e,iteitherisbudgetbalancedorrunsabudgetdeficit)andsatisfies.

19We need not require since all CG mechanisms satisfy CS; the set of efficient coalitions is independent of

the mechanism, and if i ¿ C(iallefficientcoalitionswillincludeagentiwhenthecostissubmodular.

The proof of this Propis presented in Appendix Remark 4: Both assumptions NPT and VP are needed in this characterization If we

drop VP, the pivotal mechanism (see Footnote 18 meets all other assumptions. If we drop NPT then we can modify the MC mechanism by adding an arbitrary cash payment (from the banker to each agent) independent of the reported profile. The proof of Proposition 3 makes clear that if a strategyproof mechanism selects an efficient allocation and satisfies VP, then it must be “Pareto superior” to MC in the sense that at all profiles every agent incurs a smaller charge x i. Such a mecobviously runs an unambiguously higher budget deficit at all profiles. that the MC mechanism, like any mechanism in the CG class, is not group strategyproof.

Moreover, there is a special kind of “altruistic” manipulation (a violation of group strategyproofness) that does not any coordination between agents and to which the MC mechanism is always vulnerable. Fix a profile u (the true profile) and a willingness to pay u^′_i for agent i such that ui ¡ u^i. Denoting ′ = (u_{−⟩} ∅ ⊓^i) we observe the following facts:^{20}

F1: S^∗(u) ` S^∗(u^′)

Fact 2: no agent j, j 6= iis hurt: w(N; u) � w(N j; u) ˇ w(N; u^′� w(N � u^′)

act 3: if i 2 S^∗(u) then S^∗(u^′) = ∗ (u) and x^∗_i (u) = x^∗_i (u^′)

Facts 2 and 3 tell us that if an agent i is served at profile u, reporting a higher willingness to pay

is a matter of indifference to her, and it can never hurt any other agenTo see that in some it can strictly help other agents, consider the following example with two agents:

C(1) = C=6 ; C(12) = 8 u_1 = u_2 = 5

TreportsyieldS (u)=f1; 2g and cost shares^∗_1(u) = x^∗_2(u) = 3. By raising her willingness

20To check Fact 1, denote S = S ∗⇐u), T = S ∗⇐u ′⇒ ⊣\⌈ ⌋≀⇕√⊓⊔⌉

uS_∩T �(S “T ) ˇ u S�C(S) ) C(S[T)�C() ˇ C(S)�C(S“T ˇ u S_−T ˇu^′S�T ) u^′T �C() ˇ u S^∪T �C(S[T )

bydefinition of T , S [ T = T . reasoning establishes S^∗⇐u; N � ) ` S^∗⇐u; N) for all j. To provFact 2, namely w(N � j; u

′⇒ � w(N j; u) ˇ w(N; u^′� w(N; uwenotethatboth sidesoftheinequalityare

nonnegative and we distinguish cases. If S^⇐N � j; u) contains i, so do S^∗⇐N; u), S^∗⇐N; u^′⇒⇔ ⊣\⌈ ∗ ⇐N � j; u^′⇒ ⊣\⌈ ⌊≀⊔⟨ ⊔⌉∇⇕∫ ≀{ ⊔⟨⌉ ⟩\⌉∐⊓⊣↕⟩⊔† ⌉∐⊓⊣↕ u 0i � ui. If ∗ ⇐N � u ′⇒ ⌈≀⌉∫ \≀⊔ ⌋≀\i, neither does S �(N � u) and the left hand term is zero. If i 62 S^∗⇐N � j; ubut i 2 S^⇐N� j;^′ ⇒⇔ ⌋⊣↕↕ ∗ i the smallest alue such that ∗ ⇐N � j; (u_−i; u^∗i contains i. Because S^∗⇐N; (u_−i; u^∗i contains i as well, the righthand term in the inequality is at least u^′i u^∗i whereas the lefthand term equals u^′i � u^∗i . The easy proof of F3isomitted.

to pay to u^′_1 = 7, agent 1 does not affect her allocation and reduces agent 2’s cost share to x^∗_2(u^1; u_2) = 2. The banker is the sucker!

In addition to being vulnerable to coalitional manipulations, the MC mechanism does not balance

the budget. maximal budget deficit (call it fi) of MC can be computed with the help of (7)

which defines the cost cations of MC:

fi = sup_{u∈ℜ n} + ” (n � 1)w(N; u) � X_{i∈w(N} � i; u) # Proposition 4 For any cr e asing and submodular ost function C such that (;) = 0, have:

fi = X i∈N (N � i! � (n � 1)C(N) (9)

Proof: Check first a consequence of submodularity: the quantity P_{i∈C}(S � i) � (n � 1)C(S) is nondecreasing in S (using the convention that S � i = S i 62 S). We omit the straightforward proof. fix a profile u and set S = S^∗(u). Compute

(n � 1)w(N; u) � X i∈N ⊒(N i; u) ˇ (� 1)(u � C(S)) � X_{i∈(u} S−i � C(S i))

=^{i∈N} C(� i) � (n � 1)C(S) ˇ X_{i∈N} C(N � i) � (n � 1)(N )

In view of (8) this shows fi ˇ^{i∈N} C(� i) � (n � 1)C(NThe converse inequality follows by choosing a profile with each u_i large enough so that S^∗(u) = N and S(u_{−i} ↽ / N �i for all i. This completes the pro2 We now compute the respective losses, budget imbalance and , of the SH and MC mecwith symmetric cost functions where (S ) = c(jSj), c is concave on f0; 1; 2; : : : ; ng and c(0) = Let fl(u) and fi(u) denote the loss at a particular utility profile u for SH and MC respectively, and let fl and fi denote the respective orst case losses. These worst case losses e the form:

fi n c^{(n)}_n (c(n) � c(n � 1))

!_{(10)}

fln = 1n_nX i=1 c(i) i ! � c^{(n)}_n (11)

A consequence of equations (10) and (11) that if (ac � mc)(s) increases (respectiv, does not decrease) in s then fl ¡ fi (respectiv, fl ˇ fi).^{21} Converselyif (ac � mc)(s) decreases (respectiv, does not increase) in s then fl ¿ fi (respectiv, fl ˘ fi).

Figures 1 and 2 illustrate these two cases in the case of a large nFor instance, if c(n) = n^p, 0 ¡ p ¡ 1, then � mc decreases and we have fi = pfl for large n. On the other hand, if mc is linearly decreasing up to n, then ac � mc is increasing we have fl =^β_2 .

The above comparison bears on the worst case losses (deficit and On the other hand, the comparison of fl(u) and (u) (welfare loss and deficit loss, respectively, at a given profile u) is unambiguously more favorable to the SH (or, equivalentlyaveragecostpricinginthiscontext) mechanismifweassumethatthedemandfunctionisconcave,asthereaderwilleasilycheckby drawing pictures like Figures 1 and 2 with a concave demand function D. For instance, in the case where both D and mc are linear, straightforward computations (omitted for the sake of brevity) show that (u) ˇ^{β↼u)}_8 , a far cry from the worst case comparison fl ¡^β_2 5 Concluding Comments

Comment 1: We mentioned in Section 2 that the assumption of quasi-linear involves

no loss of generalit. Indeed in our model, the properties NPT and VP imply that x_i = 0 if q_i = 0 hence agent i’s consumption set is the union of (0; (q_i = 0, x_i = 0) and of the half line (1; x_i), x_i ˘ 0. On this set, a classical preference is entirely described by a simple number u i willingness to pay) such that (0; 0) is indifferent to (1; u i). the classical domain (monotonic – strictly in money – continuous and convex) and that of preferences represented by quasi-linear utilities coincide. particular we can apply Theorem 2 in Moulin [1999] developed for the classical domain of preferences. Moreover, our domain is monotonically closed (Dasgupta,

21Indeed, assume ac � mc increases and so, for all i = 1; : : : ; n � 1, ac(i) ¡ mc(i) + ac(n) � mc(n) which then

implies: fl n ¡ 1 n ( nX i=1 mc(i)) + (ac(n) � mc(n)) � ac(n) = ac(n) � mc(n) = fi n Other cases are similar.

Hammond and Maskin [1979]), a property that fails for general quasilinear utilities.

On the other hand, if preferences are not quasi-linear, efficiency is no longer alent to maximization of joint surplus, therefore our Propositions 2 and 4 are longer valid. Comment We have focused on the welfare loss as the metric to be Of course, one might be more interested in other metrics like the average welfare loss. Consider, for the case where the u_i are all independent and uniformly distributed in [0; 1], and the cost function is C(S) = 1 for all nonempty S (this is the case of an excludable public good, as in Deb and Razzolini [1996, 1999]). For n = 2 the average welfare loss resulting from SH is easily calculated to be^1_4 . somewhat more effort we can calculate the average behavior in the of large n. The SH average welfare loss can be computed in two The welfare loss due to

members being excluded when S(u6=;(i.e.,atleastsomeagentsaregivenservice)isgivenby thesum n−1X k=0 k 2(n � k + 1) n! k!(n � k)!

(n � k + 1)^{−k} (1 �^{1n} � k)^{n−k} ß 12_{which vanishes for large n. The other component of welfare loss is when S(u=};_{,butS}

∗(u)6=;.

We can bound this portion of the elfare loss by f(n(themaximallosswhennoonegetsservice) times the probability P (n) that S(u=;. We can bound P (n) by the probability that there is no more than one agent with u_i ˘ 0:5, so P ˇ 2^{−n} (1 + n). Thus, f(n)P (n) is asymptotically bounded by 2^{−n} n log n and so anishes rapidly as n divTherefore, the asymptotic average welfare loss vanishes in large systems for the SH method. On the other hand, it is easy to show that the expected revenue from the MC mechanism falls at

least as quickly as n^{0.5}, and so asymptotically the budget deficit is the full cost of the efficient set. That least in this case, for large populations the SH mechanism approaches perfect efficiency whereas the MC mechanism approaches budget imbalance (no revenue collected).

Note that the above comparison is completely turned around if we go back to the worst case metric. Indeed, the worst case deficit of the MC mechanism is fi = 1 (when the mechanism collects no

money at all) whereas the worst case welfare loss of the average cost pricing mechanism, computed from equation (11), is fl = P^n_{i=1}^1_i ß ln for large n. In fact, this choice of cost function (C(S) = 1 for all nonempty S) yields the largest ratio for^γ_β .

Comment 3: results extend directly to the case where there are positive externalities of

22Deb et [1997] present a similar calculation of average losses.

consumption; that is, agent i’s utility for the service is a function u_i(SwhereSis the set of agents receiving service (and u_i(S) = 0 if i 62 S). If ui(�) is supermodular then all mechanisms describin Proposition 1 keep the same strategic features; the characterization still holds as long as the case of no consumption externalities is a subdomain of the full utility In models of networks (of many varieties) the assumption of positive externalities is commonplace.

Commen4: One can also consider situations where cost function is supermodular rather than submodular. Supermodularitoccurs, for example, in tree networks with concave congestion (i.e., the cost of the link is a concave function of the number of agents “downstream”). For supmodular costs, the MC mechanism remains the canonical CG mechanism, as Proposition 3 and its

proof remain valid without change. However, the computation of its maximal budget imbalance becomes hard the imbalance can be a surplus or a deficit). On the other hand, the demand game associated with the Shapley alue cost sharing method does not, in general, have a unique strong equilibrium (the best reply functions are decreasing, so multiple noncomparable equilibria possible), hence it does not result in a strategyproof revelation mecThe (small) class of sharing methods that do result in a strategyproof mechanisms (because their demand games always have a unique strong has been characterized in Moulin It reduces essentially to the family of hierarchical stand alone methods discussed in Section 2, where agents pay their incremental costs according to a fixed ordering of N: ¸_{σ(i)}(N) = C(E(œ; i)) � C(E(œ; i � 1)) for some ordering œ (where E(œ; i) is the set of the first i agents in ordering œ). The criterion minimizing the maximal welfare loss does not seem to select a clearly identifiable method this

family. Thus, in the supermodular case, the combination of group strategyproofness and budget proscribes equal treatment of equals, whereas the combination of strategyproofness and efficiency (as in the submodular case) prescribes equal treatment of While the former (group strategyproand budget balance) still has superior incentive properties in the supermodular case, it no longer has claim to greater flexibility.

6 References

Aumann, R.J., 1959. AccPointsinGeneral Coopern-PersonGames,AnnalsofMathematics Studies series, Princeton, NJ: Princeton University Press.

Baumol, W., J. Pand R. Willig, 1982. Contestable Markets and the Theory of Industrial e, New York: Harcourt Brace Joanovich.

Clarke, E. H., “Multipart Pricing of Public Goods,” Public Choice, 11, 17-33. Dasgupta, P., P. Hammond, and E. Maskin, 1979. “The Implementation of Social Choice Rules,” Review of onomics Studies, 46, Deb, R. and L. Razzolini, 1996. Like Mechanisms for Pricing Excludable Public Goods,”

forthcoming in Journal of onomic Theory..

R.andL.Razzolini,1999. “VolunCostSharingforanExcludablePublicject,” Mathematical cial Sciences, 37, 123-138.

Deb, R., T. K. Seo, and L. Razzolini, 1997. “The Asymptotic Welfare Loss for the Serial Sost Sharing Rule: case of an excludable public proMimeo,SouthernMethodistUniversit. Dutta, B. and D. Ra, 1989. “A Concept of Egalitarianism Participation Constraints,” onometric a, 57, Dutta, B. 1990. “The Egalitarian Solution and Reduced Game Properties in Convex Games,”

International Journal of Game ory, 19, 153-169.

Green, J., E. erg, and J. J. Laffont, 1976. “PEquilibrium Approach to the FRider Problem,”JournalofPubliconomics, 6, 375-394.

J. and J. J. Laffont, 1979. entives in Public Decision Making, in Studies in Public onomics, Vol. 1, North-Holland.

Groves, T., “Incentives in Teams,” onometric a, 41, Hart, S. and A. Mas-Colell, 1989. “Potential, Value, and ConsistencyEconometrica, 57, 589-614.

Herzog, S., S. Shenker, and D. Estrin, “Sharing the ‘Cost’ of Multicast rees: an axiomatic analysis,” Transactions on Networking, 5, 847-860.

Israelsen, D., 1980. “CollectivCommunes, and Incentives,” Journal of ar ative Economics, 99-124.

Laffont,J.J.andJ.Tirole,1994. A Theory of IncinProcurement and Regulation, Cambridge: MIT Press.

Loehman, E. and A. Whinston, “An Axiomatic Approach to Cost Allocation for Public Investment,” Public e Quarterly, 2, 236-251.

P. 1993. “A Dominant Strategy Double Auction” Journal of Economic ory, 56:2,

434-450.

D.,andL.S.Shapley, “Potential Games,” Games and onomic Behavior, 14, 124-143.

Moulin, H., 1994. “Serial Cost-Sharing of Excludable Public Goods,” RofEconomics Studies, 61, 305-325.

Moulin, H., 1999. “IncremenCost Sharing; characterization by strategyproofness,” Social ChoicandWelfare, 16, 279-320.

Moulin, H., and S. Shenker, “Serial Cost Sharing,” Econometrica, 50, 1009-1039. MutuswS., 1997. “Strategyproof Mechanisms for Cost Sharing,” working paper, Indian Statistical Institute.

ada, N., T. Hashimoto, and PYoung, 1982. “Cost Allocation in ater Resources DevelopmenWater Resources Research, 18, 361-373.

Ohseto, S., “Strategy-Proof Cost Sharing for an Excludable Public Project,” mimeo, sumeikan UniversityOstrom, E., 1991. Governing the Commons, New York: Cambridge University Press.

Roberts, K. 1979. Characterization of Implementable Choice Rules,” in Aggregation and evelation of PreferencesJ.J.Laffont,ed. Studies in Public Economics, Amsterdam: North Holland.

Schmeidler, D., 1969. Nucleolus of a Characteristic FGame,”SIAMJournalof d Mathematics, 17, Sen, A.K. 1966. “Labour Allocation in a Cooperative Enterprise,” RofEconomic Studies,

361-371.

Serizawa, S., “Strategy-Proof and Individually Rational Social Choice Functions for Goods Economies,” Economic ory, 7, 501-512.

SerizawS., 1999. “Strategyproof and Symmetric SoChoice Functions for Public Goods economies,” Econometrica67,1,121-146.

Shapley, L. S., 1953. “A Value for n-Person Games” in H., and W. Tucker Contributions to the ory of Games, Princeton: University Press.

ShapleyL.S.,1971. “Core of Convex Games,” International Journal of Game Theory, 1, 11-26.

Sharkey, W., The Theory of NaturMonopoly, New York: CamUniversity Press. Shark, W., 1995. “Network Models in Economics” Chapter 9 in Network Routing, M. O. Ball et al. Handbook in Operations Research and Management Science, Vol. 8, Amsterdam: North-Holland.

Shenker, S., “On the Strategy-Proof and Smooth Allocation of Private Goods in a Production Economy,” mimeo, Xerox ARC.

Shenker, S., “Making Greed Work in Netwa game theoretic analysis of switch service disciplines,” Transactions on Networking, 3, 819-831.

Shubik, M., “Incentives, Decentralized Controls, the Assignment of Joint Costs and Internal Pricing,” Management Science8,325-343.

Sonmez, T., “Population Monotonicity of the Nucleolus on Class of Public Good lems,” mimeo, University of Rochester.

Sprumont, Y., 1990. “PMonotonic Allocation Schemes for Cooperative Games with Transferable Utilit,” Games and Economic Behavior, 2, 378-394. Straffin, . D., and J. P. Heaney1981. “Game Theory and the TValley Authority,” International Journal of Game Theory, 10, 35-43.

Thomas, A. A Behavioral Analysis of Joint Cost Allocation and TrPricing,Arthur AndersenandCompanyLectureSeries,StipesPublishingCompan.

Thomson, W. 1983. Fair Division of a Fixed Supply among a wing Population,” Mathematics of er ations Research, 8, 319-326.

Weitzman, M. 1974. “FAccessvsPrivate Ownership as Alternative Systems for Managing Common Propert,” Journal of Economic ory, 8, 225-234.

Proof of direct portion of Proposition 1

We fix a cross monotonic method ¸ and check that (¸) is group stategyproof (all other statements are trivial).

Let u be the (true) profile of willingness to pay and S =S̃(¸u). Assume a certain coalition T manipulates at u by u^′ (where u_j = u^′_j for all j T ) and set S^′ = S̃(¸; u^′Finally, set

S^{′′} S[ S^′ denote by q (respectiv, q^′ and q^{′′}) the binary inclusion vector corresponding to S (respectiv, S^′ and S^{′′}). Check first for all i 2 : u_iq^{′′}_i � ¸_i(S^{′′}) ˘ u_iq^′_i Γ ξ_i(S^′) (12) This is clear if i 62 S^{′′} (implying i 62 S^′). If i 2 S^′ this follows from S^′ ` ′′ and cross monotonicit. Lastly if i 2 S^{′′} � S0(implying i 2 ) then u_i Γ ξ_i(S) = 0 because the property requires i q^′_i � ¸(S^′) ˘ u_ii � ¸_i(S) and so, by cross monotonicity, u_i � ¸(S^{′′}˘ 0 as desired. Combined with the manipulation assumption, formula (12) implies for all i 2 : u_iq^{′′}_i ¸_i(S^{′′}) ˘ u_iq� ¸_i(S) (13) with at least one strict inequality. We claim that (13) holds true as well for i 62 T . This is clear if i 2 S i 2 S^{′′}) by monotonicity, or if i 62 S^{′′} (in which case bsides of the inequality are zero); i 2 S^{′′} S (implying i 2 S^′) observe that u_i � i (S^′) ˘ 0 (because q^′ is Nash equilibrium at u^′ and ′_i = u_i) so by cross monotonicity u_i � ¸_i(S^{′′}) ˘ 0 as We have proven that (13) holds for all i with at least one strict inequality. Therefore S

′′ � S is

nonempt(or (13) would be an equality for all i) and there is a largest integer t such that S^{′′} ` S^t the sequence S^t is derived by (3) at u). Pick an agent i in S^{′′} (S^t � S^{t+1}); we have u_i ξ_i(S^t) ˇ ¸_i(S^{′′}) ) u_q^{′′}_i Γ ξ_i(S^{′′}) ¡ 0 But this contradicts (13) as q is a Nash equilibrium at u. 2

B Proof of Proposition 2

The proof is divided in5 steps. In the first three steps we assume a given cross monotonic cost sharing method ¸ and a utility profile u. We write S = S̃(¸u) and T = S^∗(u). Step 1: S ` T Assume, to the contrarythatS � T is nonempt. Observe that for all i 2 S, we have i ˘ ¸_i(S) (bconstructionof S̃ as in (3)). Hence, we compute:

(u_{S∪}� C(S [ )) � (u_T � C(T = u_{S−}+ C(T ) � C(S [ T˘¸_{S−T} (S) + C(T ) �¸_{S♭T} (S [ ) = (¸_{SΓT} (S�¸_{S−T} (S [ T + (C(T ) � ¸_T ([ T )) ˘ 0

But this is a contradiction because T is the largest efficient coalition.

The inclusion just established implies in particular the following expression for the efficiency loss: fl(¸u) = w(N; u) � w( S(¸; u); u) To see this, apply Step 1 to the restriction of the game toS̃(¸; u).

Step 2: For alR ` N, R “ S = ;, there exists i 2 R such that u_i < ξ_i(S [ RThis follows from the definition of S; if we have for all i 2 R,¸

i(S [ R) ˇ u i every coalition

S^t in the sequence defined by (3) mcontain S [ R (by cross monotonicity and an obvious argument), hence a contradiction. Step 3: Bounding (¸ ; u) e represent an ordering of = f1; 2; 3; : : : ; ng by a permutation œ of N, with the interpretation that œ(1) is the first in the ordering, œ(2) is second, and so forth. We write (k; œ) = fijœ^{−1} (i)˘

kg the set of agents ranked k or higher by the permutation œ. We set:

ffi(¸) = max_σ

_{ni=1¸}

σ↼i)(E(i; œ))

� C(N) (14)

where the maximum is taken over all permutations of N.

e now show that fl(¸; u) ˇ ffi(¸) for the arbitrary profile u fixed at the beginning of the proIf S = T we have fl(¸u) = 0 and the inequality follows the nonnegativity of ffi (a consequence of cross monotonicity). Fnowon,assumeS 6= T and so, by Step 1, we must have S æ T We label (arbitrarily) the agents in N � T as f1; 2; : : : ; kg and use cross monotonicity to see that

C(N) � (T ) ˇ ¸ N−T (N) and: C(N�C(T ) ˇ^kX_{i=1} ¸ i(� f1; : : : ; � 1g)

Next we labthe elements in T � such that T � = fk + 1; k + 2; : : : ; k + k^′g. We apply Step 2 repeatedly, first to R_1 = T �to pick an agent labeled + 1 in R , then to R = T �(Sfk +1g) pick an agent k+2 in R 2, and so on, with agent k+i selected in R_i = T �(S[fk+1:::;k+i�1g) such that

u_{k+1} ¡ k+1 (T ); : : : ; u_{k+i} ξ_{k+i}(T � fk + 1: : : ; k + i � 1g); : : : ; k+k 0 ¸_{k+k}0(S [ fk + k^′g)

Finally, we label (arbitrarily) the agents in S fk + k + 1; : : : ; ng and repeatedly use cross

monotonicitto show: C(Sˇ^nX i=k+k^0+1^{¸ (S}� fk^{+ k ′ + 1; : : : ;}

� 1g)

the above inequalities C(N) � (T ) + u

−S + C(S)ˇ X i=1 ¸ σ(i)(E(i; œwhere œ is the ordering œ(i) = i, i = 1; : : : ; n. lefthand term in the inequality above equals

(u_T C(T )) � (u_S � C(S)) + C(N) = fl(¸; u) + C(N) thedesiredconclusionfl(¸u) ˇ ffi() follows. Step sup_{u∈ℜ} n+ fl(¸u) = ffi(¸) In view of Step 3, it is enough to shothat for any ordering œ of N, we have

sup_{u∈ℜ n} + fl(¸; u˘ ffi(¸; œ) = ni=1 ¸ i(E(i; œ� C(N)

e pick an arbitrary ordering œ, denoted for simplicity œ(i) = i, and a number ffl, 0 ¡ ffl ¡ Consider the utility u

i = (1 � ffl)¸(E(i; œfor all i (15) Denote by Sthe inclusion monotonic sequence Note that S̃(¸; u) is typically empty; it will be empty if ¸_i(S) is positivfor all S. Howevif some of the cost shares ¸_i(S) are zero, we may have S(¸; u) 6= ;.

We now prove fl(¸; u) ˘ ffi(¸; œ)(1 � ffl) � fflC(N). As the choice of and ffl were arbitrary this will conclude the proof of Step We shall use the following for all S, all i 2 S

¸i(S) = 0 ) [C(S) = C(S i) and ¸ j(S) = j (S � i) for all j 2 S � i] (16)

o see this, sum up the inequalities ¸_j(S) ˇ ¸ (S � i) and invoke the monotonicity of the cost function.

If ~= ; we have (¸ ; u) = w(N; u) ˘ u_N � C(N) = ffi(¸; œ)(1 � ffl) � (N )

and so we are However, as we noted above, S̃ need not be empt. We now show that this does not alter our Define A = fi 2 ji 2 S g, where the S^i are defined in (3). A = ;, then S̃ = ; and we are Suppose A 6= ; and let i be its smallest element. or all j smaller than i we have j 62 S^j hence j 62 S^{i−1} ; thus, S^{i−1} ` E(i; œ) and the assumption i 2 S^i implies

(1 � ffl)i̧(E(œ)) = u i ˘ ¸ i↼S^{i−)} ˘ ¸ (E(i; œ))

Hence u_i = 0 and ¸_i(E(i; œ)) = 0. Nowe can “eliminate” agent i and consider the reduced problem over N � i with the ordering induced by œ; let œ_{−⟩} denote this induced In view of (16), we have ffi(N; ¸) = ffi(N � i; ) (noting¸_i(N) must be zero, hence C(N) = C(N � i)). , denoting by u_{−⟩} the N � profile obtained by removing u_i, we have, by (16):

for all j ¡ ¸_i(E(j; œ)) = 0 ) ¸_j(E(j; œ)) = ¸_j(E(œ_{−i} ))

where E(j; œ_{−i} ) are the successors of j in N � i. Therefore, the profile u_{−i} is defined in exactly the same way (namely by property (15)) in the reduced problem as u was in the original Consider again the sequence t

(¸; udefined in (3). Dropping the dependence on ¸ and u temp, we denote by S^t(T ) the t’th term in the sequence defined by the program (3) with the starting point 0 (T ) = . Note that in general T ` T^′ ) S^t(T `S^t(T^′); thus, denoting the limit of these sequences bỹS(′ ) and S̃(T ), we haveS̃(′ ) 6= S̃(T ) , T^′ � T “ S̃(′ ) 6= ;.

Applying this, and (16), to the two sequences S^t(N) and S^t(N � i), we see that either S̃(N) =

~(N � i) or^~S(N=^~S(� i) [ fig. Therefore w(; u) = w(N i; u −i ↽, w(^~S(¸; u); u= w(^~S(¸; u−i ); u−i )

implying fl(¸; u) = fl(¸; u_−). We can now repeat the above argument for the reduced problem, and use an obvious induction argument to arrive at a reduced problem where indeed A = ;. This the proof of Step 4. 5: We have proven fl(¸) = ffi(¸). It remains to show the inequality ffi(∗) ¡ ffi() when ¸^∗ is the Shapley vand¸is another cost sharing methoFirst, one checks 25

1 n! X σ δ↼ξ, σ) 0 @ X S⊆N (jSj � 1)!(n � jSj)! n! C(S) 1 A � C_{(N(17)}

where the lefthand sum is taken over all permutations of . Recall that the righthand sum is the potential function P (N) of Hart and Mas-Colell [1989] who proved that the Shapley value method ¸^∗ be written as:

¸^∗_i (S) = P (S) � (S � i) or all i; all S; wP (S) = X T ⊆S (jTj � 1)!(jS�jTj)!

jSjC(T ) We show below, by induction on jNj, that the Shapley alue is characterized by the property that

ffi(¸�; œ) is independent of œ. In view of (17) this will imply the desired conclusion, ffi(¸

) = P (N) � C(N) and ffi(¸) ¿ P (N) � C(Nfor all ¸; 6= ¸ This claim is obvious for n = 1 (there is only one cost sharing method) and very to check for

n = Assume it holds for all ′ such that jN^′j ˇ n � 1 and consider N such that jNj = n. Fix an ordering œ such that œ(1) = i, and denote by œ_{−i} the induced ordering on N � i.

Check first that ffi(¸^∗∅ ⊃⇒ ⟩∫ ⟩\⌈⌉√⌉\⌈⌉\⊔ ≀{ ⊃ by computing:

ffi(¸^∗∅ ⊃= ¸^∗_i (N) + ffi(¸^∗∅ ⊃_{−i} ) + (C(N � i) � C(N))

(P (N) � P (N � i)) + (P (N � i) � C(N � i)) + (C(N i) � C(N=P (N) � (N )

Conv, assume that ¸ is a method such that ffi(¸; œ) is independent of œCheck that ffi(¸œ_{−i} ) is independent of −i (this is obvious from the definition of ffi(¸œ)), therefore, for any given œ such that œ(1) = i, we compute:

(N ) � C(N) = ffi(¸œ) = ¸_i(N) + ffi(¸; œ_{−i} ) + (C(N � i) � C(N)) = ¸_i(N) + P (N � i) � (N )

so ¸_i(N) = P (N) � (N � i). conclusion ¸ = ∗ then follows from the potential formula for the Shapley alue (18).2

C Proof of Proposition 3

To check that MC satisfies NPT, first pick a profile u and an agent i in an efficient coalition,

i 2 S^{(u); nonnegativity of x ∗}_i (u) amounts to w(Nu) ˇ u i + w(N � i; u), which follows from

w(N; u) = u_S�_{(u)} � C(S^∗(uˇu_i + u_S�_{(u)−i} � (S^∗(u) � i) ˇ u_i + w(N � i; uVP is a straightforward consequence w(N � i; uˇ w(N; uCS follows (as it does for all

CG mechanisms) from the fact (due to submodularity) that, for a given i, if u_i ˘ C(fig) then u_{S+i} C(S + i˘ u_S C(S) for all S ` N and all −i 2 ¡^{nΓ1}_+ Conversely, choose a mechanism M as in the premises of the first statement. As in equation (6)

we know that x(u) must have the x

i(u= u_ii (u) � (w(N; u) � h_i(−i ))

an arbitrary (N � iprofile u_−and denote by u^0 its completion to an Nsuch that u^0_i = 0. We must have x_i(u^0) = 0 (by NPT and , as noted at the beginning of Section 2) and the above equation yields

h_i(u_{−i} ) = w(N; u) = w(N i; u^0= w(N � i; u)

for any profile u with (N �iprojection u−i . Thus, the mechanism takes the same form as MC,

except for the fact that S(u) can be any efficient coalition (not necessarily the largest one as in MC). In order to check that the two mechanisms are welfare equivalenweneedonlytoconsider anagentiinS^∗(u) � S(ubecausebothmechanismsgivethepreciselysameallocationtoevery ageninS(u) or outside of S^∗(uFor any agent i in S^∗(u) � S(u), we have w(N; u) = w(N �i; uhence she receives from the two mechanisms the (q

, x i) allocations of (0; 0) and (1u i) respectiv,

which are welfare alent.2