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ABSTRACT

In the classical experimental design setting, an experimenter
E with a budget B has access to a population of n potential
experiment subjects ¢ € {1,...,n}, each associated with a
vector of features z; € R? as well as a cost ¢; > 0. Conduct-
ing an experiment with subject ¢ reveals an unknown value
y; € R to E. E typically assumes some hypothetical relation-
ship between z;’s and y;’s, e.g., y; ~ BT x;, and estimates 3
from experiments. E’s goal is to select which experiments to
conduct, subject to her budget constraint.

We initiate the study of mechanisms for experimental design.
In this setting, subjects are strategic and may lie about their
costs. In particular, we formulate the Ezperimental Design
Problem (EDP) as finding a set S of subjects that maxi-
mize V(S) = logdet(lq + 3, 5 ix; ) under the constraint
> ies Ci < B; our objective function corresponds to the in-
formation gain in 8 when it is learned through linear regres-
sion methods, and is related to the so-called D-optimality
criterion. We present the first known deterministic, poly-
nomial time, truthful, budget feasible mechanism for EDP.
Our mechanism yields a constant factor (= 19.68) approx-
imation, and we show that no truthful, budget-feasible al-
gorithms are possible within a factor 2 approximation. Our
approach here generally applies to a wider class of learning
problems and obtains polynomial time universally truthful
(i.e., randomized) budget feasible mechanism, also within a
constant factor approximation.

1. INTRODUCTION

In the classic setting of experimental design [?, ?], an ez-
perimenter E has access to a population of n potential ex-
periment subjects. Each subject ¢ € {1,...,n} is associated
with a set of parameters (or features) z; € R?, known to
the experimenter. E wishes to perform an experiment that
measures a certain inherent property of the subjects: the
outcome for a subject ¢ is denoted y;, which is unknown to
E before the experiment is performed. Typically, E has a hy-
pothesis of the relationship between z;’s and y;’s, such as,
say linear, i.e., y; ~ 87 x;; conducting the experiments and
obtaining the measurements y; lets E estimate 3.

The above experimental design scenario has many applica-
tions, from medical testing to marketing research and oth-
ers. There is a rich literature about estimation procedures,
as well as for means of quantifying the quality of the pro-
duced estimate [?]. There is also an extensive theory on how
to select subjects if E can conduct only a limited number of
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experiments, so the estimation process returns 3 that ap-

proximates the true parameter of the underlying population
7, 7,7, 7.

We depart from this classical setup by viewing experimen-
tal design in a strategic setting, and by studying mechanism
design issues. In our setting, experiments cannot be ma-
nipulated and hence measurements are considered reliable.
However, there is a cost ¢; associated with experimenting on
subject ¢ which varies from subject to subject. This may be
viewed as the cost subject i incurs when tested and for which
she needs to be reimbursed; or, it might be viewed as the
incentive for i to participate in the experiment; or, it might
be the inherent value of the data. This economic aspect has
always been inherent in experimental design: experimenters
often work within strict budgets and design creative incen-
tives. However, we are not aware of principled study of this
setting from a strategic point of view. When subjects are
strategic, they may have an incentive to misreport their cost
and the choice of experiments and payments need to be more
sophisticated.

Our contributions are as follows.

o We formulate the problem of experimental design sub-
ject to a given budget, in the presence of strategic
agents who may lie about their costs. In particular, we
focus on linear regression. This is naturally viewed as
a budget feasible mechanism design problem, in which
the objective function is related to the covariance of
the x;’s. In particular, we formulate the Fxperimental
Design Problem (EDP) as follows: the experimenter E
wishes to find set S of subjects to maximize

V(S) = log det (Id + Za}la:;‘r) (1)

i€S

subject to a budget constraint ), cci < B, where
B is E’s budget. The objective function, which is the
key, is obtained by optimizing the information gain in
B when it is learned through linear regression methods,
and is related to the so-called D-optimality criterion.

e The above objective is submodular. There are several
recent results in budget feasible mechanisms [?, 7, ?,
?, ?], and some apply to the submodular optimiza-
tion in EDP. There is a randomized, 7.91-approximate
polynomial time mechanism for maximizing a general
submodular function that is universally truthful, i.e.,



it is sampled from a distribution among truthful mech-
anisms. Also, there is a 8.34-approximate exponential
time deterministic mechanism. There are however no
known deterministic, truthful, polynomial time mech-
anisms for general submodular functions. For specific
combinatorial problems such as KNAPSACK or CoOv-
ERAGE, there exist deterministic, truthful, polynomial
constant-approximation algorithms [?, 7, ?], but they
do not work for the linear-algebraic objective function
in EDP.

We present the first known, polynomial time truthful
mechanism for EDP. Our mechanism is a constant fac-
tor (= 12.98) approximation for EDP. In contrast to
this, we show that no truthful, budget-feasible algo-
rithms are possible for EDP within a factor 2 approx-
imation. From a technical perspective, we present a
convex relaxation of (1), and show that it is within a
constant factor from the so-called multi-linear relax-
ation of (1). This allows us to adopt the approach
followed by prior work in budget feasible mechanisms
by Chen et al. [?] and Singer [?].

e Our approach to mechanisms for experimental design
— by optimizing the information gain in parameters
like 8 which are estimated through the data analy-
sis process — is general. We give examples of this
approach beyond linear regression to a general class
that includes logistic regression and learning binary
functions, and show that the corresponding budgeted
mechanism design problem is also expressed through a
submodular optimization. Hence, prior work [?, ?] im-
mediately applies, and gives randomized, universally
truthful, polynomial time, constant factor approxima-
tion mechanisms for problems in this class. Getting
deterministic, truthful, polynomial time mechanisms
with a constant approximation factor for this class or
specific problems in it, like we did for EDP, remains
an open problem.

In what follows, we describe related work in Section 2. We
briefly review experimental design and budget feasible mech-
anisms in Section 3 and define EDP formally. In Section 4
we present our mechanism for EDP and prove our main re-
sults. The present applications of our general framework are
presented in Section 5.

2. RELATED WORK

Budget feasible mechanism design was originally proposed
by Singer [?]. Singer considers the problem of maximiz-
ing an arbitrary submodular function subject to a budget
constraint in the wvalue query model, i.e. assuming an or-
acle providing the value of the submodular objective on
any given set. Singer shows that there exists a random-
ized, 112-approximation mechanism for submodular maxi-
mization that is universally truthful (i.e., it is a randomized
mechanism sampled from a distribution over truthful mech-
anisms). Chen et al. [?] improve this result by providing
a 7.91-approximate mechanism, and show a corresponding
lower bound of 2 among universally truthful mechanisms for
submodular maximization.

In contrast to the above results, no deterministic, truth-
ful, constant approximation mechanism that runs in poly-

nomial time is presently known for submodular maximiza-
tion. However, assuming access to an oracle providing the
optimum in the full-information setup, Chen et al., provide
a truthful, 8.34-approximate mechanism; in cases for which
the full information problem is NP-hard, as the one we con-
sider here, this mechanism is not poly-time, unless P=NP.
Chen et al. also prove a 1 + v/2 lower bound for truthful
mechanisms, improving upon an earlier bound of 2 by Singer

(7).

Improved bounds, as well as deterministic polynomial mech-
anisms, are known for specific submodular objectives. For
symmetric submodular functions, a truthful mechanism with
approximation ratio 2 is known, and this ratio is tight [?].
Singer also provides a 7.32-approximate truthful mechanism
for the budget feasible version of MATCHING, and a corre-
sponding lower bound of 2 [?]. Improving an earlier result by
Singer, Chen et al. [?], give a truthful, 2 + /2-approximate
mechanism for KNAPSACK, and a lower bound of 1++/2. Fi-
nally, a truthful, 31-approximate mechanism is also known
for the budgeted version of COVERAGE [?, ?].

Beyond submodular objectives, it is known that no truthful
mechanism with approximation ratio smaller than n'/2~¢
exists for maximizing fractionally subadditive functions (a
class that includes submodular functions) assuming access
to a value query oracle [?]. Assuming access to a stronger or-
acle (the demand oracle), there exists a truthful, O(log® n)-
approximate mechanism [?] as well as a universally truthful,
O(log’ig")-approximate mechanism for subadditive maxi-
mization [?]. Moreover, in a Bayesian setup, assuming a
prior distribution among the agent’s costs, there exists a
truthful mechanism with a 768/512-approximation ratio [?].

A series of recent papers [?, 7, 7, ?] consider the related
problem of retrieving data from an unverified database: the
auctioneer cannot verify the data reported by individuals
and therefore must incentivize them to report truthfully.
McSherry and Talwar [?] argue that differentially private
mechanisms offer a form of approximate truthfulness: if users
have a utility that depends on their privacy, reporting their
data untruthfully can only increase their utility by a small
amount. Xiao [?], improving upon earlier work by Nissim et
al. [?], constructs mechanisms that simultaneously achieve
exact truthfulness as well as differential privacy. Eliciting
private data through a survey [?], whereby individuals first
decide whether to participate in the survey and then report
their data, also falls under the unverified database setting
[?]. In the verified database setting, Ghosh and Roth [?]
and Dandekar et al. [?] consider budgeted auctions where
users have a utility again captured by differential privacy.
Our work departs from the above setups in that utilities do
not involve privacy, whose effects are assumed to be inter-
nalized in the costs reported by the users; crucially, we also
assume that experiments are tamper-proof, and individuals
can misreport their costs but not their values.

Our work is closest to the survey setup of Roth and
Schoenebeck [?], who also consider how to sample individ-
uals with different features who report a hidden value at a
certain cost. The authors assume a prior on the joint dis-
tribution between costs and features, and wish to obtain an
unbiased estimate of the expectation of the hidden value



under the constraints of truthfulness, budget feasibility and
individual rationality. Our work departs by learning a more
general statistic (a linear model) than data means. We note
that, as in [?], costs and features can be arbitrarily corre-
lated (our results are prior-free).

3. PRELIMINARIES

3.1 Experimental Design

The theory of experimental design [?, ?] studies how an
experimenter E should select the parameters of a set of ex-
periments she is about to conduct. In general, the optimality
of a particular design depends on the purpose of the experi-
ment, i.e., the quantity E is trying to learn or the hypothesis
she is trying to validate. Due to their ubiquity in statistical
analysis, a large literature on the subject focuses on learning
linear models, where E wishes to fit a linear map to the data
she has collected.

More precisely, putting cost considerations aside, suppose
that E wishes to conduct £ among n possible experiments.
Each experiment ¢ € N' = {1,...,n} is associated with a
set of parameters (or features) x; € R?, normalized so that
lzill2 < 1. Denote by S C N, where |S| = k, the set of
experiments selected; upon its execution, experiment i € S
reveals an output variable (the “measurement”) y;, related
to the experiment features x; through a linear function, i.e.,

VieN, yi=p8"z+e (2)

where 3 is a vector in R?, commonly referred to as the model,
and ¢; (the measurement noise) are independent, normally
distributed random variables with mean 0 and variance o2.

The purpose of these experiments is to allow E to estimate
the model . In particular, under (2), the maximum like-
lihood estimator of (B is the least squares estimator: for
Xs = [xi)ies € RI*1*? the matrix of experiment features
and ys = [yi]ies € RSl the observed measurements,

B = max Pr(ys; ) = arg min Z(ﬁsz — yi)2
perd BERT  cg

= (X5 Xs) ' X5ys (3)

Note that the estimator B is a linear map of ys; as ys is a
multidimensional normal r.v., so is 3 (the randomness com-
ing from the noise terms ¢;). In particular, B has mean f3
(i.e., it is an unbiased estimator) and covariance (X% Xg)™".

Let V : 2 — R be a value function, quantifying how in-
formative a set of experiments S is in estimating 5. The
standard optimal experimental design problem amounts to
finding a set S that maximizes V(S) subject to the con-
straint |S| < k.

A variety of different value functions are used in experi-
mental design [?]; almost all make use of the covariance
(XTXg)™! of the estimator 3. A value function preferred
because of its relationship to entropy is the D-optimality
criterion:

V(S) = % log det X& Xs (4)

As B is a multidimensional normal random variable, the D-
optimality criterion is equal (up to a constant) to the nega-
tive of the entropy of B Hence, selecting a set of experiments
S that maximizes V' (S) is equivalent to finding the set of ex-
periments that minimizes the uncertainty on 3, as captured
by the entropy of its estimator.

Value function (4) is undefined when rank(X3 Xs) < d; in
this case, we take V' (S) = —oo (so that V takes values in the
extended reals). Note that (4) is a submodular set function,
e, V(S)+V(T) > V(SUT)+V(SNT) for all S, T CN;
it is also monotone, i.e., V(S) < V(T) for all S C T

3.2 Budget Feasible Reverse Auctions

A budget feasible reverse auction [?] comprises a set of items
N ={1,...,n} as well as a single buyer. Each item has a
cost ¢; € Ry. Moreover, the buyer has a positive value
function V : 2V — R, as well as a budget B € R;. In
the full information case, the costs ¢; are common knowl-
edge; the objective of the buyer in this context is to select a
set S maximizing the value V(S) subject to the constraint
ZiES c¢i < B. We write:

OPT = max {ves) | ;c < B} (5)
for the optimal value achievable in the full-information case.

In the strategic case, each items in A is held by a dif-
ferent strategic agent, whose cost is a priori private. A
mechanism M = (f,p) comprises (a) an allocation function
f: R} — 2V and (b) a payment function p : R} — RY.
Given the vector or costs ¢ = [¢;]ien, the allocation function
f determines the set in A of items to be purchased, while
the payment function returns a vector of payments [pz},e N-
Let si(c) = Licy,(c) be the binary indicator of i € f(c). As
in [?, 7], we study mechanisms that are normalized (i ¢ f(c)
implies p;(¢) = 0), individually rational (p;(c) > ¢; - si(c))
and have no positive transfers (p;(c) > 0).

In addition to the above, mechanism design in budget feasi-
ble reverse auctions seeks mechanisms that have the follow-
ing properties [?, ?]:

o Truthfulness. An agent has no incentive to missre-
port her true cost. Formally, let c_; be a vector of
costs of all agents except i. A mechanism is truthful
iff for every i € A and every two cost vectors (c;, c—;)
and (cj, c—;) pi(ci,c—i) — si(ci,c—i) - ¢ > pi(ci, c—i) —
s(ch,c—i) - ci

e Budget Feasibility. The sum of the payments should
not exceed the budget constraint: ZiEN p;i < B.

e Approximation ratio. The value of the allocated set
should not be too far from the optimum value of the
full information case (5). Formally, there must exist
some « > 1 such that:

OPT < aV (S).

The approximation ratio captures the price of truth-
fulness, i.e., the relative value loss incurred by adding
the truthfulness constraint.



o Computational efficiency. The allocation and payment
function should be computable in polynomial time in
the number of agents n.

As noted in [?, ?], budget feasible reverse auctions are single
parameter auctions: each agent has only one private value.
In this case, Myerson’s Theorem [?] gives a characterization
of truthful mechanisms.

LEMMA 1 (MYERSON [?]). A normalized mechanism
M = (f,p) for a single parameter auction is truthful iff:
(a) f is monotone, i.e., for any agent i and c; < ¢;, for any
fized costs c—; of agents in N'\ {i}, i € f(ci,c—;) implies
i € f(c},c—i), and (b) agents are paid threshold payments,
ie., for alli € f(c), pi(c) =inf{c} : i € f(c},c—i)}.

Myerson’s Theorem allows us to focus on designing a mono-
tone allocation function. Then, the mechanism will be truth-
ful as long as we give each agent her threshold payment—the
caveat being that the latter need to sum to a value below
B.

3.3 Budget Feasible Experimental Design

We approach the problem of optimal experimental design
from the perspective of a budget feasible reverse auction, as
defined above. In particular, we assume the experimenter E
has a budget B € Ry and plays the role of the buyer. Each
experiment ¢ € N corresponds to a strategic agent, whose
cost ¢; is private. In order to obtain the measurement y;,
the experimenter needs to pay agent ¢ a price that exceeds
her cost.

For example, each ¢ may correspond to a human subject; the
feature vector x; may correspond to a normalized vector of
her age, weight, gender, income, etc., and the measurement
y; may capture some biometric information (e.g., her red
cell blood count, a genetic marker, etc.). The cost ¢; is the
amount the subject deems sufficient to incentivize her par-
ticipation in the study. Note that, in this setup, the feature
vectors z; are public information that the experimenter can
consult prior the experiment design. Moreover, though a
subject may lie about her true cost c;, she cannot lie about
z; (i.e., all features are verifiable upon collection) or y; (i.e.,
she cannot falsify her measurement).

Ideally, motivated by the D-optimality criterion, we would
like to design a mechanism that maximizes (4) within a good
approximation ratio. In what follows, we consider a slightly
more general objective as follows:

EXPERIMENTALDESIGNPROBLEM (EDP)
Maximize V(S) = logdet(I; + X& X5s) (6a)

subject to Zci <B (6b)
i€s

where I; € R¥*? is the identity matrix.

We present our results with this version of the objective
function because it is simple and captures the versions we
will need later (including an arbitrary matrix in place of I4
or a zero matrix which will correspond to (4) ).

EDP and the corresponding problem with objective (4) are
NP-hard; to see this, note that KNAPSACK reduces to EDP
with dimension d = 1 by mapping the weight of each item
w; to an experiment with z; = w;. Moreover, (6a) is sub-
modular, monotone and satisfies V(@) = 0.

4. MECHANISM FOR EDP

In this section we present a mechanism for EDP.

Prior approach to submodular optimization problems.
Previous works [?, 7, 7, 7, ?] rely on a greedy algorithm.
In this algorithm, elements are added to the solution set
according to the following greedy selection rule. Assume
that § C N is the solution set constructed thus far; then,
the next element ¢ to be included in S is the one with the
highest marginal-value-per-cost:

1 = arg max VISU{ih) = V(S)
JEN\S &

(7)

This process terminates when no more items can be added
to S using (7) under budget B. This is the generalization
of the value-per-cost ratio used in the greedy approximation
algorithm for KNAPSACK. However, in contrast to KNAP-
SACK, for general submodular functions, the marginal value
of an element in (7) depends on the set to which the element
is added. Similarly, the value of an element depends on the
set in which it is considered. Unfortunately, even for the full
information case, the greedy algorithm gives an unbounded
approximation ratio. Instead,

LEMMA 2. [?] Let Sg be the set computed by the greedy
algorithm and let i* = arg max;c\r V (¢). We have:

OPT < 6_%(31/(5@) +2V(i")).

Thus, taking the maximum between V (Sg) and V (i) yields
an approximation ratio of % However, this approach
breaks incentive compatibility and therefore cannot be di-

rectly applied to the strategic case [?].

For the strategic case,

e When the underlying full information problem (5) can
be solved in polynomial time, Chen et al. [?] prove
that allocating to ¢* when V(i*) > C - OPT_;» (for
some constant C) and to Sg otherwise yields a 8.34-
approximation mechanism. However, this is not a poly-
time mechanism when the underlying problem is NP
hard (unless P=NP), as is the case for EDP.

e For NP-hard problems, consider the optimal value of a
fractional relazation of the function V over the set N.
A function R : [0,1]" — R4 defined on the hypercube
[0,1]™ is a fractional relaxation of V over the set A if
R(1s) = V(S) for all S C N, where 1s denotes the



indicator vector of S. The optimization program (5)
extends naturally to such relaxations:

OPT' = arg max {R()\) | Z Aici < B} (8)
Agfo,1]n pa

Substituting OPT" ;« for OPT_;« like before works

for specific problems like KNAPSACK [?] and COVER-

AGE [?]. For other instances of submodular function,

this overall technology has to be applied and extended.

Our approach. We build on [?, ?]. We introduce a re-
laxation specifically tailored to the value function of EDP.
PRr(S) is the probability of choosing the set S if we select
each element ¢ in A independently with probability A;:

PrS)=1Ixn I a-x)

i€S  ieEN\S

Consider the general multi-linear extension:

FQ) =Es py V(9] = > PRH(SV(S) 9)
SCN

For EDP the multi-linear extension can be written:

F(N) =Eg.py [1og det (Io+> ximiT)] .
icS
(8) is not a convex optimization problem, and is not easy
to solve directly. We consider an additional relaxation L
that follows naturally by swapping the expectation and the
log det in the above formula:

L(\) = logdet (ESN% [Ta+> mm-T])
i€S

= log det (Id + Z A,mm?) (10)
iEN

This function is well-known to be concave and even self-
concordant (see e.g., [?]). In this case, the analysis of New-
ton’s method for self-concordant functions in [?], shows that
it is possible to find the maximum of L to any precision ¢ in
a number of iterations O(logloge™'). The main challenge
will be to prove that OPT’ in (8), for the relaxation R = L,
is close to V(Sg), which we will address later and is the
technical bulk of the paper.

The resulting mechanism for EDP is composed of

e the allocation function presented in Algorithm 1, and

e the payment function which pays each allocated agent ¢
her threshold payment as described in Myerson’s The-
orem. In the case where {i*} is the allocated set,
her threshold payment is B (she would be have been
dropped on line 1 of Algorithm 1 had she reported a
higher cost). In the case where Sg is the allocated set,
threshold payments’ characterization from [?] gives a
formula to compute these payments.

We can now state our main result:

Algorithm 1 Mechanism for EDP

1: N N\{ieN:¢>B}

2: 4" < argmax,cn V(J)

3: &« argmax,cion {L(A) | Aix = 0,30, an vy GA <
B}

4: if L(§) < C-V(i*) then

5: return {i"}
6: else

. V(i
7 L4 argmax, <<, %
B So e (S -V (Sq)

: . B V(SgU{i})—V
9: while ¢; < 7W do
10: Sag + Sg U {’L}
) V(Sgu{iH-V(S

11: i 4 arg max;e an s VSgUiih=V(Sc) {JC}J_) (Sa)
12: end while
13: return Sg
14: end if

THEOREM 1. The allocation described in Algorithm 1,
along with threshold payments, is truthful, individually ra-
tional and budget feasible. Furthermore, for any € > 0, the
mechanism runs in time O (poly(n,d,logloge™")) and re-
turns a set S* such that:

10e — 3 + /64e? — 24e + 9

v v
2(e—1)

~ 12.98V(S™) + ¢

OPT < (S*)+e

In addition, we prove the following simple lower bound.

THEOREM 2. There is no 2-approxzimate, truthful, budget
feasible, individually rational mechanism for EDP.

PROOF. Suppose, for contradiction, that such a mech-
anism exists. Consider two experiments with dimension
d = 2, such that z1 = e; = [1,0], z2 = e2 = [0,1] and
c1 = ¢c2 = B/2 + €. Then, one of the two experiments, say,
z1, must be in the set selected by the mechanism, other-
wise the ratio is unbounded, a contradiction. If x;1 lowers
its value to B/2 — €, by monotonicity it remains in the so-
lution; by threshold payment, it is paid at least B/2+¢€. So
Z2 is not included in the solution by budget feasibility and
individual rationality: hence, the selected set attains a value
log 2, while the optimal value is 2log2. [

4.1 Proof of Theorem 1

We now present the proof of Theorem 1. Truthfulness and
individual rationality follows from monotonicity and thresh-
old payments. Monotonicity and budget feasibility follow
the same steps as the analysis of Chen et al. [?]; for the
sake of completeness, we restate their proof in the Appendix.
Our proof of the approximation ratio uses a bound on our
concave relaxation L (Lemma 4). This is our main techni-
cal contribution; the proof of this lemma can be found in
Section 4.2.

LEMMA 3. For any € > 0, the complexity of the mecha-
nism is O(poly(n, d,logloge™)).



PROOF. The value function V' in (6a) can be computed
in time O(poly(n,d)) and the mechanism only involves a
linear number of queries to the function V. The function
log det is concave and self-concordant (see [?]), so for any &,
its maximum can be found to a precision ¢ in O(logloge™")
of iterations of Newton’s method. Each iteration can be
done in time O(poly(n,d)). Thus, line 3 of Algorithm 1 can
be computed in time O(poly(n,d,logloge™")). Hence the
allocation function’s complexity is as stated. [

Finally, we prove the approximation ratio of the mechanism.
We use the following lemma which establishes that OPT",
the optimal value (8) of the fractional relaxation L under
the budget constraints is not too far from OPT.

LEMMA 4. OPT’' < 20PT + 2max;en V (7)

The proof of Lemma 4 is our main technical contribution,
and can be found in Section 4.2.

Finishing Proof of Theorem I . Note that the lower bound
OPT’' > OPT also holds trivially, as L is a fractional re-
laxation of V over N. Using Lemma 4 we can complete
the proof of Theorem 1 by showing that, for any ¢ > 0, if
OPT';, the optimal value of L when i* is excluded from N,
has been computed to a precision ¢, then the set S* allocated
by the mechanism is such that:

10e—3 + V64e2—24e+9

OPT < 2e=T) V(S

Ve (11)

To see this, let OPT” ;« be the true maximum value of L
subject to A\jx = 0, Zie./\/’\i* ¢; < B. Assume that on line 3
of algorithm 1, a quantity L such that L—e < OPT" ;« < L+
¢ has been computed (Lemma 3 states that this is computed
in time within our complexity guarantee). If the condition
on line 3 of the algorithm holds, then:

V@it) > éOPTLi* - % > %OPT,Z.* - %
as L is a fractional relaxation of V. Also,
OPT < OPT_ + V(i)
Hence:
OPT < (1+C)V (i) +¢ (12)

Note that OPT” ;« < OPT'’. If the condition does not hold,
from Lemmas 4 and 2:

* 1 / 3
Vi < — _ —_ ‘/ _

gé(f_g (8V(Se) + V(z‘*))+2V(i*)>+

Qle

Thus, if C is such that C(e — 1) — 6e+2 > 0,

. Ge (e—1)e
V) s e —ter2 BT G- -6 12

Finally, using again Lemma 2, we get:

3e 4e
e—1 (1+C(e—1)—6e+2> V(Sa)

2ee
toe-—6erz ¥

To minimize the coefficients of V;+ and V(Sg) in (12) and
(13) respectively, we wish to chose for C' = C* such that:

. . 3e 4e
" = arg min max (1+C’e71 <1+ C(efl)*66+2)>

This equation has two solutions. Only one of those is such

OPT(V,N,B) <

that C(e — 1) — 6e + 2 > 0. This solution is:
* - 2 —
C :86 1+ v64e 24e+9 (14)

2(e—1)

2ee
? C*(e—1)—6e+2
of C* in (12) and (13) gives the approximation ratio in (11),
and concludes the proof of Theorem 1. O

For this solution < e. Placing the expression

4.2 Proof of Lemma 4

We prove that our multi-linear function F' has a property
which allows to trade one fractional component of the solu-
tion for another until one of them becomes integral, without
losing any value. This property is referred to in the liter-
ature as cross-convezity (see, e.g., [?]), or e-convexity by
Ageev and Sviridenko [?]. Formally, if we define:

Fi(e) = F(A+c(ei —€))

where e; and e; are two vectors of the standard basis of R",
then F)\ is convex. Hence its maximum over the interval:

I, = [max(—)\,-,)\j — 1), min(1 — )\i,)\]‘)]

is attained at one of the boundaries of Iy for which one of
the i-th or the j-th component of A becomes integral.

The lemma below proves that we can similarly trade a frac-
tional component for another until one of them becomes in-
tegral while maintaining the feasibility of the point at which
F is evaluated. Here, by feasibility of a point A\, we mean
that it satisfies the budget constraint >°7 | Aic; < B.

LeEMMA 5 (ROUNDING). For any feasible X € [0,1]",
there exists a feasible A € [0,1]" such that at most one of
its components is fractional and Far(A\) < Far(X).

PrOOF. We give a rounding procedure which, given a fea-
sible A with at least two fractional components, returns some
feasible A’ with one less fractional component such that:

F(\) < F(X)

Applying this procedure recursively yields the lemma’s re-
sult. Let us consider such a feasible A. Let ¢ and j be two
fractional components of A and let us define the following
function:

Fy(e) = F(\:) where Ac=MX+¢ (ei - %ej)
J



It is easy to see that if A is feasible, then:

Ve € [max ( —Ai, (N — 1)%),111111 (1 — Ai,)\j%)],
Ae is feasible (15)

Furthermore, the function F) is convex; indeed:

FA(&) = IES/~P>‘

Ci / ..
iy (59 |:()\z +e) (/\] — ac—j)V(S u{i,5})

+(Nite) (1 SN+ s%)V(S’ U {i})
+ (= A=) (A — e )V(s' U]

(1= N—e) (1 N s%)V(S')]

Thus, F) is a degree 2 polynomial whose dominant coeffi-
cient is:

Ci

fES/N
Cj

V(" Uiy + V(s Ui

A
N\ {i,i1 57

— V(S Ui, g} - V(S)]

which is positive by submodularity of V. Hence, the maxi-
mum of F over the interval given in (15) is attained at one
of its limit, at which either the i-th or j-th component of A,
becomes integral. [

Next, we prove the central result of bounding L appropri-
ately in terms of F'.

LEMMA 6. For all A € [0,1]", 3 L(A\) < F(A\) < L(\).

1
2

ProoF. The bound Fir(A) < Lar(n) follows by the con-
cavity of the logdet function. To show the lower bound, we
first prove that 1 is a lower bound of the ratio 9; F(\)/9; L(\),
where 0; - denotes the partial derivative with respect to the
i-th variable.

Let us start by computing the derivatives of F' and L with
respect to the i-th component. Observe that:

oiP(s) =1 ﬁ\{;‘}(s \{i})ifie s
— P (S)ifi e N\ S
Hence:
HFEN) = 3 P (S\{EHV(S) = 3 Pinm (S)V(S)
SCN =,
e ieEN\S

Now, using that every S such that ¢ € S can be uniquely
written as S’ U {i}, we can write:

HFEN) = Y Piw(8)(V(SU{i}) - V(8)
ieWs

The marginal contribution of ¢ to S can be written as
V(SU{i}) — V(S) = % log det(Ia + XI Xs + z,27)
- % log det(I; + X2 X5s)
= é logdet(I; 4+ ziz] (I4+ X&Xs)™")
= %log(l +a] A(S) 'zy)
where A(S) =14 + Xg:Xs. Using this,

1 _
BFON) =3 3 P () log (1+a:?A(S) 1xi)
N
ieh s

The computation of the derivative of L uses standard matrix
calculus. Writing A(\) = Iy + D ien izl
det AN+ h - e;) = det (A(X) + hziay)
= det A()) (1+ hw?ﬁ()\)flxi)
Hence:
logdet A\ + h - e;) = logdet A(X) + ha] A(N) " "z; + o(h)
Finally:

QLN = %xm(x)*lmi

For two symmetric matrices A and B, we write A >~ B
(A = B) if A— B is positive definite (positive semi-definite).
This order allows us to define the notion of a decreasing
as well as conver matrix function, similarly to their real
counterparts. In particular, matrix inversion is decreasing
and convex over symmetric positive definite matrices. In
particular,

VSCN, AS) "= ASU{ip!
Observe that:

VS CN\{i}, Pang(S) = Pangay (S U {i})
VS CN, P (S) > P(S)
Hence:
1 _
OF(N) > 7 S Pl (8)log (1+27 A(S) 1)
SCN
iEN\S
1 . o
+1 Y Prpn(Suiihiog (1+al ASU L) )
SCN
ieEN\S
> 1S pY(s)log (1427 A(9) ")
4 SCN

Using that A(S) = I4 we get that:
TAS) s < a3 <1
Moreover:
Ve <1, log(l+x) >z

Hence:

BiF(N) >

| =

x?( > P,Q(S)A(S)*)xi

SCN



Finally, using that the inverse is a matrix convex function
over symmetric positive definite matrices:

DF(\) > le( 3 P,@(S)A(S))lxz
SCN
= %x?ﬁ()\)_lxz
- %O,L()\)

Having bound the ratio between the partial derivatives, we
now bound the ratio F'(X)/L(\) from below. Consider the
following cases. First, if the minimum of the ratio F'(\)/L(\)
is attained at a point interior to the hypercube, then it is a
critical point, i.e., 9;(F(X)/L(X)) = 0 for all i € N hence,
at such a critical point:

F(\) _ 0:F(\)

L(\)  0:;L(\)
Second, if the minimum is attained as A converges to zero
in, e.g., the l2 norm, by the Taylor approximation, one can
write:

> (16)

1
2

1
>
Zie/\/’ )\Z&L(O) =92’

FO) | Siew MOF(0)
L()\) ~A—0

i.e., the ratio % is necessarily bounded from below by 1/2
for small enough \. Finally, if the minimum is attained on a
face of the hypercube [0,1]" (a face is defined as a subset of
the hypercube where one of the variable is fixed to 0 or 1),
without loss of generality, we can assume that the minimum
is attained on the face where the n-th variable has been fixed
to 0 or 1. Then, either the minimum is attained at a point
interior to the face or on a boundary of the face. In the first
sub-case, relation (16) still characterizes the minimum for
i < n. In the second sub-case, by repeating the argument
again by induction, we see that all is left to do is to show
that the bound holds for the vertices of the cube (the faces of
dimension 1). The vertices are exactly the binary points, for
which we know that both relaxations are equal to the value
function V. Hence, the ratio is equal to 1 on the vertices. [

Proof of Lemma 4. Let us consider a feasible point \* €
[0,1]™ such that L(A\*) = OPT’. By applying Lemma 6
and Lemma 5 we get a feasible point A with at most one
fractional component such that:

LX) <2F(X) (17)
Let \; denote the fractional component of X\ and S denote
the set whose indicator vector is A\ — A;e;. By definition of
the multi-linear extension F':

F) = (1 -XM)V(S)+MV(Su{i})
Using the submodularity of V:

FA) <V(S)+ V(i)

Note that since X is feasible, S is also feasible and V(S) <
OPT. Hence:

F()\) < 20PT + max V(i) (18)

Together, (17) and (18) imply the lemma. O

S. EXTENSION TO OTHER PROBLEMS

5.1 Bayesian Experimental Design

We extend Theorem 1 to a more general Bayesian setting,
where it is assumed that the experimenter E has a prior dis-
tribution on f3: in particular, 8 has a multivariate normal

prior with zero mean and covariance o?R™' € R’ (where
o2 is the noise variance). E estimates 8 through mazimum
a posteriori estimation: 1i.e., finding the parameter which
maximizes the posterior distribution of 8 given the observa-
tions ys. Under the linearity assumption (2) and the Gaus-
sian prior on 3, maximum a posteriori estimation leads to

the following maximization [?]:

B = arg min Z(yl — ﬂTxi)Q + ﬁTRB

BER? i

This optimization, commonly known as ridge regression, in-
cludes an additional penalty term compared to the least
squares estimation (3).

Let H(B) be the entropy of S under this distribution, and
H(B | ys) the entropy of S conditioned on the experiment
outcomes yg, for some S C N. In this setting, a natural
objective, originally proposed by Lindley [?], is to select a
set of experiments S that maximizes her information gain:

I(B;ys) = H(B) — H(B | ys).

Assuming normal noise variables, the information gain is
equal (up to a constant) to the following value function [?]:

V(S) = %logdet(R-&-Xng) (19)

Our objective for EDP clearly follows from (19) by setting
R = I;. Hence, the optimization discussed thus far can be
interpreted as a maximization of the information gain when
the prior distribution has a covariance o2I4, and the exper-
imenter is solving a ridge regression problem with penalty
term |83

Our results can be extended to the general Bayesian case, by
replacing I with the positive semidefinite matrix R. First,
we re-set the origin of the value function so that V() = 0:

V(S) % log det(R + X§ Xs) — % logdet R (20)

% logdet(I; + R™'X& Xs)

Applying the mechanism described in algorithm 1 and adapt-
ing the analysis of the approximation ratio, we get the fol-
lowing result which extends Theorem 1:

THEOREM 3. There exists a truthful, individually ratio-
nal and budget feasible mechanism for the objective func-
tion V' given by (20). Furthermore, for any € > 0, in time
O(poly(n, d,logloge™)), the algorithm computes a set S*
such that:

5e—1 21

oOPT < 26—~

—_— * 1
py log(1+,u)v(s )+51+¢

where  is the smallest eigenvalue of R.



5.2 D-Optimality and Beyond

We now reexamine the classical D-optimality in (4), which
is given by objective (19) with R replaced by the zero ma-
trix. Since (4) may take arbitrarily small negative values, to
define a meaningful approximation one would consider the
(equivalent) maximization of V(S) = det X& Xs. However,
the following lower bound implies that such an optimization
goal cannot be attained under the constraints of truthful-
ness, budget feasibility, and individual rationality.

LEMMA 7. For any M > 1, there is no M -approximate,
truthful, budget feasible, individually rational mechanism for
a budget feasible reverse auction with value function V(S) =
det XT Xg. For any M > 1, there is no M-approxzimate,
truthful, budget feasible, individually rational mechanism for
a budget feasible reverse auction with V(S) = det X% Xg.

ProoF. Given M > 1, consider n = 4 experiments of
dimension d = 2. For e, ez the standard basis vectors in
Rz, let x1 = e1, za = e1, and x3 = de1, x4 = dez, where
0 < < 1/(M—1). Moreover, assume that ¢; = ¢z =
0.5 + €, while ¢3 = ¢4 = €, for some small € > 0. Suppose,
for the sake of contradiction, that there exists a mechanism
with approximation ratio M. Then, it must include in the
solution S at least one of x1 or x2: if not, then V(S) < 52,
while OPT = (1 + §)d, a contradiction. Suppose thus that
the solution contains z1. By the monotonicity property, if
the cost of experiment z; reduces to B/2 — 3¢, 1 will still
be in the solution. By threshold payments, experiment x;
receives in this case a payment that is at least B/2 + e.
By individual rationality and budget feasibility, x> cannot
be included in the solution, so V(S) is at most (1 + 4)d.
However, the optimal solution includes all experiments, and
yields OPT = (1 +§)?, a contradiction. [

Beyond D-optimality, several other objectives such as FE-
optimality (maximizing the smallest eigenvalue of X& Xs)
or T-optimality (maximizing trace(X& X)) are encountered
in the literature [?], though they do not relate to entropy as
D-optimality. We leave the task of approaching the maxi-
mization of such objectives from a strategic point of view as
an open problem.

5.3 Beyond Linear Models

Selecting experiments that maximize the information gain in
the Bayesian setup leads to a natural generalization to other
learning examples beyond linear regression. In particular,
in the more general PAC learning setup [?], the features x;,
i € N take values in some general set Q, called the query
space. Measurements y; € R are given by

yi = h(z;) + & (21)

where h € H for some subset H of all possible mappings h :
Q) — R, called the hypothesis space, and e; are random vari-
ables in R, not necessarily identically distributed, that are
independent conditioned on h. This model is quite broad,
and captures many learning tasks, such as support vector
machines (SVM) and linear discriminant analysis (LDA);
we give a few concrete examples below:

1. Generalized Linear Regression. Q = R¢, % is
the set of linear maps {h(z) = Tz s.t. § € R?}, and

€; are independent zero-mean normal variables, where
]E[sf} = 0;.
2. Logistic Regression. Q = R? 7 is the set of maps
TJ)
{h(z) = 1jﬁBT s.t. B € R}, and ¢; are independent
e x
conditioned on h such that
1— h(x;), w. prob. h(x;)
& =
—h(z;), w. prob. 1 — h(z;)

3. Learning Binary Functions with Bernoulli Noise.
Q = {0,1}¢, and H is some subset of 2, and

0, w. prob. p
E; = —
h(z;) — h(z;), w.prob.1—p

In this setup, assume that the experimenter has a prior dis-
tribution on the hypothesis h € H. Then, the information
gain objective can be written again as the mutual informa-
tion between S and ys.

V(S)=H(B) - H(B | ys),

This is a monotone set function, and it clearly satisfies V() =
0. Though, in general, mutual information is not a submod-
ular function, this specific setup leads indeed to a submod-
ular formulation.

SCN (22)

LEMMA 8. The wvalue function given by the information
gain (22) is submodular.

ProOOF. Using the chain rule for the conditional entropy
we get:

V(S)=H(ys) — H(ys | B) = H(ys) — > _H(y: | B) (23)
icS
where the second equality comes from the independence of
the y;’s conditioned on S. Recall that the joint entropy of a
set of random variables is a submodular function. Thus, the
value function is written in (23) as the sum of a submodular
function and a modular function. []

This lemma implies that learning an arbitrary hypothesis,
under an arbitrary prior when noise is conditionally inde-
pendent leads to a submodular value function. Hence, we
can apply the previously known results to get the following
corollary:

COROLLARY 1. For Bayesian experimental design with the
objective given by the information gain (22), there ezists a
randomized, budget feasible, individually rational, and uni-
versally truthful mechanism. This mechanism has a com-
plexity O(poly(n7 d)) and an approzimation ratio of 7.91.

In cases where mazimizing (22) can be done in polynomial
time in the full-information setup, there exists a randomized,
budget feasible, individually rational, and truthful mecha-
nism for Bayesian experimental design. This mechanism
has a complezity O(poly(n, d)) and an approximation ratio
of 8.34.



Note however that, in many scenarios covered by this model
(including the last two examples above), even computing
the entropy under a given set might be a hard task—i.e.,
the value query model may not apply. Hence, identifying
learning tasks in the above class for which truthful or uni-
versally truthful constant approximation mechanisms exist,
or studying these problems in the context of stronger query
models such as the demand model [?, ?] remains an inter-
esting open question.

APPENDIX

LEMMA 9. Our mechanism for EDP is monotone and bud-
get feasible.

Proor. Consider an agent ¢ with cost ¢; that is selected
by the mechanism, and suppose that she reports a cost c; <
¢; while all other costs stay the same. Suppose that when
reports ¢;, L(§) > CV(i*); then, as si(c;,c—;) =1, i € Sg.
By reporting a cost ¢} < ¢;, i may be selected at an earlier
iteration of the greedy algorithm. Denote by S; (resp. Sj)
the set to which i is added when reporting cost ¢; (resp. c}).
We have S; C S;; in addition, S, C S¢, the set selected
by the greedy algorithm under (cj, c—;); if not, then greedy
selection would terminate prior to selecting ¢ also when she
reports ¢;, a contradiction. Moreover, we have
o 2 BV(SIUG) - V(S) _ BV(SIU{) - V(S)
T T2 V(siu{i) T2 V(SiU{d))

by the monotonicity and submodularity of V. Hence i € S¢.
As L(€), is the optimal value of (8) under relaxation L when
i* is excluded from N, reducing the costs can only increase
this value, so under ¢; < ¢; the greedy set is still allocated
and s;(cj,c—;) = 1. Suppose now that when i reports c;,
L(§) < CV(i*). Then si(ci,c—;) = 1 iff i = ¢*. Reporting
ci« < ¢+ does not change V(i*) nor L(¢) < CV(i*); thus
si=(Cj«,c—i=) = 1, so the mechanism is monotone.

To show budget feasibility, suppose that L(§) < CV(i¥).
Then the mechanism selects 7*. Since the bid of ¢* does
not affect the above condition, the threshold payment of i*
is B and the mechanism is budget feasible. Suppose that
L(¢) > CV(i*). Denote by Sc the set selected by the
greedy algorithm, and for ¢ € Sg, denote by S; the subset of
the solution set that was selected by the greedy algorithm
just prior to the addition of i—both sets determined for the
present cost vector ¢. Then for any submodular function V,
and for all 7 € Sg:

V(S u{i}) = V(S)

V(Sa)

In other words, if ¢ increases her cost to a value higher than
V(S;U{ih)—V(S)
V(Sa)

As aresult, (24) implies that the threshold payment of user %
is bounded by the above quantity. Hence, the total payment

is bounded by the telescopic sum:

V(Siu{i}) =V (Si) ,  V(Se)-V(©®),
2 Vse) 0T V(se) P H

if ¢ > B then s;(cj,c—i) =0 (24)

, she will cease to be in the selected set Sq.

i€Sq



